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LAPLACE OPERATORS AND THE b MODULE STRUCTURE
OF CERTAIN COHOMOLOGY GROUPS

BY
FLOYD L. WILLIAMS(1)

ABSTRACT. Let n be the maximal nilpotent ideal of a Borel subalgebra of a
complex semisimple Lie algebra g. Under the adjoint action n, g/n, and n' (the
dual space of n) are n modules. Laplace operators for these three modules are
computed by techniques which extend those introduced by B. Kostant in [6]. The
kernels of these operators are then determined and, in view of the existence of a
Hodge decomposition, the detailed structure of the first degree cohomology groups
of n with coefficients in n, g/n, and n' is obtained. These cohomology groups
(spaces) are described, in fact, as completely reducible modules of a Cartan sub-
algebra b of g.

1. Introduction. Suppose that (v, V,) is a finite dimensional irreducible re-
presentation of a complex semisimple Lie algebra g. Let 7 denote conjugation of
g with respect to a fixed compact real form of g and let (, )denote the (nonde-
generate) Killing form on g. The equations

fx,y}=-(x,1y), X==7x, x,y in g,

define a complex inner product { , } and *-operation on g.

Given a Lie subalgebra a of g let d,,‘a be the coboundary operator asso-
ciated to the restriction v|, of v to a. dy|, acts on the cochain complex Ad'
® V,, where a’ is the dual space of a. The corresponding Laplace operator LV'«
for the @ module V, is defined by

k *
L"‘a = d"la(d”|a) + (d”la) d"la

for an appropriate inner product on Aa' ® V, . The space Ad' ® V,, is unitarily
equivalent to the space AQ ®V,, so we may consider L”Ia as an operator on
AT ®vV,.

Now we make the additional assumption that the orthocomplement a* of @ in
g is also a Lie subalgebra of g. Such subalgebras ate called Lie summands of
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g. Then an explicit formula for L”la’ due to Kostant, is available; see Theorem
4.4 of [6]. Kostant has applied this formula in the case where @ is the nilradical
1 of a parabolic subalgebra of g and thereby has determined the nature of the co-
homology groups H(n, V,); see Theorem 5.14 of [6].

It is significant to bear in mind that the representation of @ above (or of 1 in
particular) is the restriction to @ of a representation v of g. Suppose one conside
ers, more generally, an arbitrary subrepresentation v® of the restriction v|y; say
that v acts on an a subspace U, of V,,. Then the following question is prompt-
ed: What does the corresponding Laplacian Lu o look like on the space AT ® U,?
We answer this question in Theorem 3.1.12, the first result of this paper. Thus
Theorem 3.1.12 generalizes Theorem 4.4 of [6].

The a subspace U, defines a quotient representation v? of a on Vv/ Uu,. A
formula for the corresponding Laplacian Lv“ is given by Theorem 3.2.12. We also
determine the Laplacian for the contragredient to the adjoint representation of a
Lie summand on its dual; see Theorem 3.3.11.

Choose a Cartan subalgebra § of gsuchthat § =1 and let A be the set of
nonzero roots of § relative to b. With respect to a lexicographic ordering on a
real form of b we can choose a subset A*C A of positive roots. Now let =
Eae at+ 8, Where the 8 B €A, are the one dimensional root spaces of g. T is a
Lie summand of ¢ since, in fact,

nt=bh+Ri=hH+ Y g_,.
aeat

The application of Theorems 3.1.12, 3.2.12, and 3.3.11 to the case a=1 pro-
vides, ultimately, an explicit description of the first degree cohomology spaces
Hl(n, 1), H(n, g/, Hl(n, ') as completely reducible ) modules; see Theorems
5.3.12, 7.5.3, 8.7.13. The dimensions of these spaces depend entirely on the rank
of g (=dim §). Tt turns out, moreover, that H Yn, o/n) and H Y(n, 1) have the
same dimension.

Theorem 5.3.12, which describes the space H Y(n, n), is a result that was
first obtained by Kostant but was never published; cf. the introductory remarks in
[6, p. 332). It is our great pleasure to present Professor Kostant’s result in this
paper. We also express our sincere gratitude to him for his expert advice and many

helpful suggestions which stimulated this research.

2. Laplace operators and Lie algebra cohomology.

2.1 We shall review some of the notation, terminology, and results of Kos-
tant’s paper [6].

Suppose that d, & are linear operators on a finite dimensional vector space V
over any base field. Assume that d? = 8% = 0. Under these conditions we say
that d and & are disjoint if
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déx = 0 implies &x =0

and
0dx =0 implies dx=0
for any x in V.
Definition 2.1.1 If d, & are disjoint, then the operator

(2.1.2) L=4dd+0d

is called a Laplace operator (or @ Laplacian).
The operators d, & define a direct sum decomposition of V. More precisely
we have

Proposition 2.1.3 If d, 8 are disjoint (as above) then
(i) Ker L = Ker d N Ker 8,

(i) InL=Imnd+Imd,

(iii) V=Im d + Im 0 + Ker L (direct sum).

The proof, which is elementary, relies very heavily on the disjointness as-
sumption and the finite dimensionality of V; see [6}. (iii) is called a Hodge de-
composition of V.

Since d% = 0 we can form the derived space H(V, d) = Ker d/Im d. By (i)
Ker L C Ker d.

Corollary 2.1.4 Let I": Ker d — H(V, d) be the natural homomorphism. Then
the restriction of I" to Ker L is an isomorphism of Ker L onto H(V,d): Ker L
~ H(V,d).

Hence H(V, d) can be computed by determining the zeroes of the Laplacian
L. This observation will be the basis for computing Lie algebra cohomology in
this work. We shall consider the particular case where V is a complex vector
space equipped with an inner product. Then it is quite clear that d and its ad-
joint d * are disjoint. The corresponding Laplacian L =dd*+ d*d (with 6 = d *)
is hermitian and the corresponding Hodge decomposition given in (iii) is an or-
thogonal direct sum decomposition.

2.2 Let g be a complex semisimple Lie algebra. Let (, ) denote the Killing
form on g. Choose, once and for all, a compact real form £ of 8. Let 7 denote
conjugation of g with respect to t:

7'(x+\/-_1-y)=x-\/—-1y, %,y €t,
The equation
2.2.1) P, yl==lx,19), x,y€q,

defines a complex inner product { , } on g. With respect to this inner product the
operators 0(x): y = [x,yl, x €%,y € g, on g are skew-hermitian. There is a
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*operation on g defined by
(2:2.2) X=-1x, x€8

Pr—. . * . .
We remark that ¥ is written as x~ in [6). Our preference is to use the bar rather
than the star. Forall x,y in g we have

(2.2.3) (, ) =&,73)

and
(2.2.4) [X, )’] == [’-‘,?]-

The inner product and *-operation on g extend to the exterior algebra Ag of g.
Moreover the Killing form extends to a nondegenerate symmetric bilinear form (, )

on Ag:

2.2.5) (:a:l Neeo A X Ao A yq) = Spq det (xi, yi),
X2Y;€8.0(,), {, 1, and * are related by the equation
(2.2.6) fuy v} = W, D), u,v€eAg;
see [6].

Given z in Ag we define endomorphisms €(u), ¢() of Ag by
(2.2.7) eWrv=uMv, (e@h,w)=@, @Ww)

for all v, w in Ag. Thus ¢(u) = e(x)* is the transpose of €(x) relative to the non-
degenerate form (, ) on Ag. €(u) is left exterior multiplication by u and ((u) is
left interior multiplication by u. In particular if « is in g then ¢(z) is given by
k
(2.2.8) t(u)x1 Neer A x, = 2:1 (-l)jﬂ(x’., u)xl/\.. <A f,, Aeeo A Xy

x. € g, where ~ denotes omission. Also t(x) is a derivation of degree -1 for u
in g; see [6}.

We shall use the symbol 6 to denote the adjoint representation of g on Ag.
Thus 6(x) is the unique derivation of Ag of degree 0 which extends the endomor-
phism 0(x): y — [x,y], y € g, of g, where x €g. 0 is given by the explicit for-
mula

k
2.2.9) O(x)yl/\.--/\yk=j§1yl f\.../\[x,yj]/\---/\yk, x,yjeg.

2.3 Now suppose that v is a finite dimensional representation of g on a com-
plex vector space V,. Choose an inner product { , } on V,, such that the opera-
tors v(k), k € ¥, are skew-hermitian:

2.3.1) (k) = -v(k)*, ket
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This can always be done and { , } is in fact unique up to a positive multiple when
v is irreducible, (2.3.1) immediately implies that

(2.3.2) vx)* = UZ)

for all x in g.

Let abe a Lie subalgebra of g and let a’ denote the complex dual of a. By
Lemma 3.4 of [6] there is an algebra isomorphism ‘7\)‘ of AT onto Aa', 'r\" is
defined by the equation

(2.3.3) Tw)a) = (u, v)

~ .
where u € Aa, v € AT; 7 preserves degrees. The equation

(2.3.4) =1

AT
defines a monomorphism 7: Aa'— Ag whose range is AT. The inner product on
Ag restricts to an inner product on AT, Therefore, because 7 is 1-1, there is an
inner product { , } on Aa’ such that
2.3.5) n:Ad’ — AT
is a unitary map onto. Then the equation

{/l @ Ul’ /2 szl = z/l) le{vlt vz" /1) /2 € Aa" vl) vz € Vy
defines an inner product { , } on Ao’ ® V, such that

(2.3.6) 7®1:Ad’®V _ —Ad QV,
is a unitary map onto.

2.4 Let v|, denote the restriction of v to a. VI. is a representation of G on
V, . Hence we can form the cohomology groups H* (a,V,), k=0,1,2,¢++, with
coefficients in V. We recall, briefly, how this is done; see [3]. Define

Ak(a, V,) = complex vector space of k linear alternating maps
fraxecexa—V,
Thus f(x o2, %000, L » %)= 0for x, _x,z;é],x €a, If k=0we set

Ao(a V,)=V,. Elements of /\"(a V,) are called k dlmensxonal cochains.
Define

d=d,, =d,: N, V) =A** (e, V)
by

k+1 .
(df)(xl""° ka+1)= Z (-l)l*lu(xi)/(xl9°°° ’ fi"”“ ,xk"‘l)
=1

4.0
+ Z (-U“"/([x R ],xlv“”x ’.“’x;’".’xbtl)

i<j
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%, €a,feAka, V). I k=0, thend: V, =Al(c, V,) is defined by
(2.4.2) (@) (%) = Az, x€0a,v€EV,

Of course Al(a, V,) is the space of linear maps from @ to V,,. d, is called the
kth dimensional coboundary operator. We have d° = 0; i.e. d k4l d, = 0. Setting
d_, = 0 we define

2.4.3) H¥a, V) =Kerd,/Ind, , H%a, V,)=Kerd

Therefore H%(a, V,)={v € V,[u/(x)v = 0 Vx € a} is the space of invariants of
the a module V,,. H*, V,) is the familiar kth dimensional cohomology group
of & with coefficients in the a module V,,.

There is a unique vector space isomorphism y of Aka'® V,, onto Af@, v,)
such that

Gy Aeee Af ® V(xpseeesx,) = (det /i(x].))v

forall f, € a', X, €0,v€ V,. In particular Ak, V,) = 0for k>dim.a. More-
over we can consider the coboundary operator

dim a

(2.4.4) dy = 3‘_‘6 @4,

2
”la

on Ad’ ® V, (see 2.3) we can form the Laplacian

(2.4.5) Ly =d,d )+Wd )4
Vlu ”Ia ”|u Vla ”la

’ . . .
as an operator on Aa'® V,. Since d = 0 and since we have an inner product

on Aa'® V,. As we have observed earlier a consequence of the Hodge decom-
position is the following ideal formula:

2.4.6) H(a, V) =tx €A’ @ V|, x = O}

Up to this point o has been an arbitrary Lie subalgebra of g. If one assumes
moreover that @ is a Lie summand—this means that a' is also a Lie subalgebra
of g—then L"|a can be computed rather explicitly. The result, due to Kostant, is

Theorem 2.4.7 Suppose a is a Lie summand of § and suppose {zl,-o-, z
{zm TR znl are orthonormal bases for a, al respectively; m = dim.a, 7=
dimg. Then
m
(p @)L, (7 @1 =1 @C”+ 3 0 ®uz)0 8 viz)

i=1

- T 0= )

j=m+1
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where CY = 2:.'=1 UZ)v(z;) is the Casimir operator of v and n ® 1 is the unitary
map of Aa' ® V,, onto AT ®V,, given in (2.3.6).

Thus on Aa ®V,, LV‘n

and the representation v; see Theorem 4.4 of [6].

is expressed in terms of the adjoint representation 6

2.5 The representation of the Lie summand a in Theorem 2.4.7 is the
restriction to & of a representation v of g. This raises a natural question: Can
one compute the Laplacian, more generally, for an arbitrary subrepresentation of
the restriction v|a? We shall settle this question presently. Prior to this it is
convenient to introduce additional operators and some formulas which, incidently,
facilitate the proof of Theorem 2.4.7.

Again we suppose @ is a Lie subalgebra of g and v is a finite dimensional
representation of g; @ need not be a Lie summand.

Corresponding to the trivial representation of a there is the coboundary
operator on Aa' which we shall denote by d. The boundary operator d on a is
defined, uniquely, by the formula

@.5.D) (df)(x) = -7 (9x)
forall x eAa, fe (A®)'. In particular
[@xy Aeee Ax))=-f)xy Neve Ax))

=- z (—l)i"':"f([xi,x].]/\xl /\u-/\:?i A-o./\fjA---/\xk)
(see (2.4.1)) i<j

=/(Z(—l)i*j+l[xi,xj]/\xl Aeee AR A AR, /\-.-Axk)

i<j
for all f in (Aa)’. Hence
O N eee Axy
(2:5.2) .
] .+ ~ ~
= lg] (-1)t%7 [xi,x],]/\xl Aeee /\xi ANeeo A x’, Neeoo /\xk
for x, € a. Taking a = g we see that the boundary operator on a subalgebra a
of g is the restriction to @ of the boundary operator on . Because of this we
shall denote the boundary operator on g by the same symbol d.
Agand Ag' can be identified (as algebras in fact) by means of the Killing
form. Then one has

(2.5.3) - 0" = coboundary operator of g.

Here we recall that the transpose is taken with respect to the Killing form on Ag;
see (2.2.5). Following Kostant, we denote the endomorphism — &' of Ag by c.
Now suppose {z;,++, 2 }, {zm+1, e+, z_} are orthonormal bases for @, at
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respectively. Then there are endomorphisms dﬂ,l’ dﬂ,Z' da,w and c,of Ag®V,
(which are well defined for any subspace a of g) given by

(2.5.4) d, 4 =d, ®l

where

i=1 j=m+1

m

d,=2 &) ®viz),
* i=1

da,v = da,l + da,z’

c,=c ®1+c2,

n
where ¢, = 2'.:1

ing the following formulas:

ez 1.) ® v(zi). The proof of Theorem 2.4.7 depends on establish-

(2.5.5) e®1d, e -4

v]a R

on A ® vy

(2.5.6) (@D, e =c}

v,

where (2.5.5) is valid only when a is also a Lie summand; see Lemma 4.1 and
Lemma 4.2 in [6].

Germane to the proof of Theorem 2.4.7 also is the following more general
observation.

Proposition 2.5.7 Let g be a semisimple Lie algebra (over C) and let a.be a Lie sub-
algebra of o. Let y be a finite dimensional A representation of a.on a C vector space U ot
Suppose 1z ,+++, z_}, {z;,- .o, z;} are dual bases for a, a'. Then the coboundary
operator d, on Ay® U, is given by

m

d,= Y ez)@uz)+d ®1

1=

where d is the coboundary on Aa' (corresponding to the trivial representation of @).
Ty p 8

See [7]. In particular
m
(2.5.8) dy =X )eviz)+d@l
i=1

Proposition 2.5.9 «(u)* = (%) for u in Ag.
See 3.9.3 in [6].
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3. The computation of Laplace operators for submodules, quotient modules,
and contragredient modules.

3.1 We retain the notation established in §2; assume @ is a Lie summand
of g. Now suppose that U is a subspace of V,, which is v(a) invariant. Then

there is a representation v%of a on U given by
(3.1.1) Vi) =v)|,, =xe€a.
18 is a subrepresentation of the restriction v|,. Notice the following simple fact:
Proposition 3.1.2 U is (&) invariant.
Proof. If x € a, u € U, u* € Ut are arbitrary, then by (2.3.2)
{V (f)ul,ui = eV utud = tutw (D} = 0

. since U is v(0) invariant.
For the record we state the following, equally simple,

Proposition 3.1.3 Let V be a finite dimensional complex inner product space.
Let T be a linear operator on V, let W be a subspace of V, and let P bethe orthog-
onal projection of V ontoW. Then W is T invariant if and only if PTP = TP,
If W is T invariant then (T|W)*= PT*lw.

As in 2.4 let d  denote the coboundary operator corresponding to the repre-
14
sentation v%of a on U and let
* *
(3.1.4) Lo=d @)@ ),

v
be the Laplace operator defined by v® (the inner product on Aa’ ® V,, restricts
to an inner product on Aa’' ® U). In this section we shall find a formula for
Lv‘ acting on the space (cohomology complex) AT ® U.
Let P be the orthogonal projection of V,, onto U. Then 1 @ P is the orthog-
onal projection of Aa'®V onto Aa' @ U. Let {z,,-++,z }, Iz cee,z}

be orthonormal bases for a, atand let {z;, cee, z:"i be a basis of a’dual to

m41?

{zl’ .o, zm}, By Proposition 2.5.7
m

(3.1.5) d = Z e(z;) ® v°(zi)+ d®1.

v =1

’ . . -
Hence Ad'® U is d”[a invariant and

. d =
(3.L6) L8 ( 1,|«) wou
Proposition 3.1.3 implies
(3.17) @ )= 8P, )" .
v ¢ Jadeu
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By (3.1.4) we have on Ao’ ® U
* *
L ,=4,,08PE,)"+0e P, )74,

=1 ®P)d, 1 P)(dvla)*+ (d,,h)*dyh),

since Aa'® U is du], invariant,

=1 ®P)d, @, )*+d,)*d,; )+ 1 ®P), [1®P,d, )*
vlq la vla’ %o vl v]a

=1 ®PL, +1®PM, 18P, (d,,h)*],
by (2.4.5). Let
(3.1.8) E-1®Pd,1® P, ).
The *‘error’’ term E measures, somehow, the extent to which (d"la)* fails to
leave Ao’ ® U invariant. Conjugating by (3 ® 1), we get

@eNL (et

(3.1.9)
=1®P)n®1L, (® D+ (g ®DEG © 1)1

where

(7 ® DEG O =1 @ Py ® 1), (n® D71 ® P,y ®1)d, ) ®1)]

E3
=1® P}, l1®P,c]
by (2.5.5) and (2.5.6). Now

m
(3.1.10) cj:c*®1+zl z) @ vE)
i=
on AT ®V, by (2.5.4), Proposition 2.5.9 and the fact that
(3.1.11) t(aba= o;

see (2.2.8). Thetefore on AT ® U

1®Pd J1®P c;1=-01®PM,, zmj Wz) ®(P -1 ()
» ’ =1 z z
—1@P Y duk)®(P-10E)
i=1

+AOP Y 3 E)ile) @ vz )P -1WE),

=1 i=1
by (2.5.4),

Mas

> e (E].) (z) ® Pv(zj)(P - 1w @)
=1

-~

[}
—

~
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Putting the pieces together, see (3.1.9), we have proved

Theorem 3.2.12 Suppose ais a Lie summand of §. Let U be a subspace of
the g module V,, such that (@)U C U and let v* be the subrepresentation of Vla
defined by the a.module U. Then the Laplacian L | corresponding to the repre=-

v

sentation v®of aon U is given by

el e -08r)nelL, e DL E

on A ® U where (1 ® l)LVIa(n @ DL (the Laplacian for the representation
vla of aon V,) is given by Theorem 2.4.7,

E=Y 3 &)z )@ PUulz )PV - 10(z)),
j=1

i=1

{21, ceey zm} is an orthonormal basis of &, and PU is the orthogonal projection
of V,, onto U.

Note if U =V,, in particular, then P =1 so E = 0 and Theorem 3.1.12 reduces
to Kostant’s Theorem 2.4.7.

3.2 Again we suppose that U is a subspace of V,, which is v(@) invariant,
Then in addition to the subrepresentation v®of G on U there is a quotient repre-
sentation v%of aon V,/U:

(3.2.1) Vx)w + U) =vlxly + U

for x € a, v € V. We shall compute the Laplacian L | corresponding to the
v

representation ¥% This time let P denote the orthogonal projection of V onto
U*. The map
T:v+U —>Pv, veYV,

is a well-defined vector space isomorphism of Vv/U onto Ut
Proposition 3.2.2 Tv%x)T~1=P V(x)lul for all x in a.

Proof. Let x € a, ul € U* be arbitrary. Then ut+ U €V, /U and T(x! + U)=
Put = ul, Hence
V)T~ 1t = TVt + U) = TAx)at + U) = Pulx)u™.
From now on then we shall consider ¥® as the representation of @ on vt
given by Proposition 3.2.2; i.e.

(3.2.3) V8(x) = Pu(x) o

The coboundary operator d_ on Aa' ® U for the representation v® is given
1 4

by Proposition 2.5.7:
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M3

d .= dz’)@vi(z) +d®1
v i i
i=1
(3.2.4) m
=(1® P)(Z e(Z’i) ® v(zi) +d® 1);

i=1
i.e.
B.2.5) d,0=(1®P)dy )|\ 0ut”

Now (1 ® P)d"lo leaves Aa' ® Ut invariant of course so, by Proposition 3.1.3
and by (3.2.5),

(3.2.6) @, =1e P)(d,,‘j| Aot

On the other hand we claim that (dl,|.)* leaves Aa’' ® UL invariant. Indeed
@y, = f; deY* @ vE) +d* ®1
i=1
by (2.5.8) and (2.3.2). But z, € Gand Ut is v(T) invariant by Proposition 3.1.2.
From (3.2.6) we deduce that
(3.2.7) " o) = (d,,lc)*lm,eur

The Laplacian L , corresponding to the representation v" is given on Ad' ® Ut
v
by

Lva = dvc(d,;)* + (dvn)*dvc

= (1 ® P, (d,) )" +(dy) )1 @ PM,,)

(3.2.8)
=(1e P)(dv'.(d,,|‘)*.+ (d"|a)*d“l¢) +(1 e Pld,), 1@ P,
=(1®PL, +E

where

(3.2.9) E=(1® P)[(d,l‘)*, 1@ Pld,, .

(3.2.10) (n@DEM @D~ = (1@ PU}(1®P) - c}M, ,,

by (2.5.5) and (2.5.6),

=(§: Uz) @ PUz)P - 3 t(z,.)®Pv(5i)dn'v,

i=1 i=1

by (3.1.10),
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=2 T Uz )eZ) @ PU )P - =),
i=1l j=1

by (2.5.4). On the other hand since
(3.2.11) ex)uly) + dyelx) = (x, y)1

for x, y € g, where 1 € Ag, as is immediately verified, we have proved (see
(3.2.8) and (3.2.10)):

Theorem 3.2.12 Suppose ais a Lie summand of §. Let U be a subspace of
the g module V,, such that v(e)U C U and let v® be the quotient representation of
aon V,/U. Then the Laplacian L corresponding to the representation v* is

v

given by
(1 ®DL,u (@D =(1@P N7 @ DL, (1 ® D! +E

on AT ® Ut where (n ® I)LV‘u n® D~ (the Laplacian for the representation
vla of aon V,) is given by Theorem 2.4.7,

E= 33 dz)dz) ® PU wE )1 - PU Iz )

j=li=1
10 3 PUz Ut
+ ZIP vz, PY - l)v(z,.),
j=
1
{zl, cee, zm} is an orthonormal basis of a, and PY” s the orthogonal projection
of V,, onto Ut.

3.3 In this section we shall give a formula for the Laplace operator Le“'

where 6% is the co-adjoint representation of the Lie summand @ on its dual a':
(3.3.1) 0% NG = =6 Ny)

for x,y € a, f € o', where 6 is the adjoint representation of § on g. The inner
product on g given by (2.2.1) is such that (2.3.2) holds:

(3.3.2) x)* = 0z)

for all x in g. In the present situation the g module V,, is g itself of course with
v=_0,

We know that 7 is a unitary map of a' onto @; see (2.3.5). Hence we can
consider 0® as a representation 170“’1;"1 of aon & Let P=P" be the orthog-

onal projection of g onto &.

Proposition 3.3.4 70 “'(x)n"l =pP° 0(")|F for all x in a.,
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Proof. Let x, y, z € & be arbitrary. Then by (2.3.3), (2.3.4), and (3.3.1)
(0% ()~ 1eNE) = -0 g~ 1)) = -7~ LGN 6(k)z)
= —(o(x)z, ‘}7) = -([xQ z]’ 7) = (Z, [X, 5’.])9
by the invariance of the Killing form
={lx, 71, 2} = {[x, 1, PZ},
by (2.2.1), (2.2.2),
=1{plx, 71, 2} = (Plx, 71, 2) = (9~ 1P Ox)y)(2)

which implies that 6% ()7~ = 7”1 PO(x) |5

U
From now on then we shall consider 6% as the representation of aon &

given by Proposition 3.3.4; i.e.
(3.3.5) 0" )y = Plx, y] = PO(x)y

for x, y € a. By Proposition 2.5.7 the coboundary operator de“' onAa'®T for

U
the representation 6% is given by

m ’ m

B3.6)  dgur = T d)®6")+d®1 =3 ) ®@POz) +d ®L;
i=1 i=1

i.e.

3.3.7) dyar = (18 Py [awen

where 0|q is, of course, the adjoint representation of @ on g. By Proposition

3.1.3

(3.3.8) @) =(1® P)dg| ) paa-
But
m
dgl,= 2 =) @0z ) +d @1
i=1
implies

(dg))* = ZI dz)* @ 6z) +d* ® 1,

b (3.3.2). Hence (g, Y leaves Aa' ® @ invariant (T is a Lie subalgebra of g
by (2.2.4)). Then (3.3.8) implies

(3.3.9) (dga)* = (d9|°)*lM,@ T

(3.3.7) and (3.3.9) imply that on Ao’ ® &
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- * %
(3.3.10) Loa =dgaldga)” + (dga)"d o
=(1®P),, g Y+ (dg, ) (1® PMg),.

Equation (3.3.10) is formally the same as equation (3.2.8). Therefore by argu-
ments entirely similar to those which led to Theorem 3.2.12 we have
Theorem 3.3.11 Suppose ais a Lie summand of . Let 0 be the adjoint

1
representation of g on § and let 0° be the co-adjoint representation of G on its

dual o'. Then the Laplacian La“' corresponding to the representation 6% is
given by
(@ Ly @D =(1®PLg (@D +E

on AT ® T where (n ® I)Lel,, (n ® D! (the Laplacian for the adjoint represen-
tation of aon Q) is given by Theorem 2.4.7 (with v = 0),

E=Y 3 ez ]-)L(z )e® PEG(EI.)(I - PE)G(zJ.)

j:l i=1

m .
+18® Zl PTG )PT - 1)6(z)),
J=
SN zm¥ is an orthonormal basis of &, and P" is the orthogonal projection
of g onto a.
4. Restriction of the Laplacian to a weight space.
4.1 Choose a Cartan subalgebra § of g such that

(4.1.1) §=5.

This is easy to do as we shall see later on. Now suppose that the Lie summand
aof gand the v(a) invariant subspace U of V,, satisfy the following additional

invariance with respect to b:
“4.1.2) 0(§)aC a and v(B)U C U.

The assumptions in (4.1.2) are actually rather mild ones and are satisfied immedi-
ately in most practical situations. Because of (4.1.1), (2.2.4), and (2.3.2) we
deduce from (4.1.2) that @ and U are also invariant under b:

4.1.3) 0653 C & and HHU'C UL

Also since v(b) leaves U and U* invariant v(5) commutes with the orthogonal

L
projections PU, PV _1-PUof Vv, onto U, UL, respectively:

(4.1.4) L), PU] = ), PUYT = 0
for all H in §.
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Proposition 4.1.5 For every x in g, § ® v(x) commutes with c:. For every
xinh 0@ v(x)d"v= da'vﬁ @uix)on AT ®V,.

Proof. The first assertion is proved on p. 345 of [6]. We indicate how the
second assertion follows from the first. Suppose x € §. Then in particular
0® vix)ch=ch0 ®ux)on AT ®V,. By (2.5.6) we get

‘6@ vix)(n ® 1)(d,,l.)*(17 e '=(n® 1)(d,,l‘)*(n ®1)-10®ulx)

on AT ®V, since AT ®V,, is § ® v(x) invariant for x in b; see (2.2.9) and
(4.1.3). Taking the adjoint of both sides, using Proposition 3.1.3 and the fact
that 7 ® 1 is unitary, we get

(n ® d,) (7@ 1) 1pAi®7vg @ u(z) = P80 @ uiRNn ® d,,) (7 ® 1)

Aa®V
on AT ® V, where P Y is the orthogonal projection of Ag ® V,, onto AT ®

V,; see (2.3.2) and (3.3.2). But AT ® v, is also 0 ® v(¥) invariant since ¥ € §
AT®V
by (4.1.1). Therefore we can drop the P Y in the last equation. Applying

(2.5.5) we obtain the desired results.
By (4.1.2) and (4.1.3) we can construct three representations 3‘?’, B(2 ), B(”
of hon AT Q U, AT ® UL, AT ® T respectively. We define
BVH) =6® v(H)LﬁeU,
(4.1.6) BAH) = 6 ® viH)|, 20 1
for H in b.

Corollary 4.1.7 If a,U satisfy (4.1.2), then B(l)commutes with L Lo’ g
commutes with L , and ﬁ(3) commutes with L 1 (see Theorems 3.1. 12 3,2.12,

3.3.11).
Proof. By (2.4.5), (2.5.5), and (2.5.6) we have

Lv|.‘ a,v v+cvdav
on AT ®V,. By (3.1.9)
U
La=(1@PUL, +E

on AT® Uwhere E=(1® PU)da,v[l ®PY, c:]. Therefore B! commutes with
E and LVla on AT ® U by (4.1.4) and Proposition 4.1.5. So B‘!? commutes with

L .o The second and third assertions of Corollary 4.1.7 follow similarly.
v
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4.2 Let T be a maximal abelian subalgebra of the compact real form t
which was chosen in 2.2. Then

(4.2.) §==t,+V-1¢
is a Cartan subalgebra of g such that
(4.2.2) =5

where 7 is conjugation of g with respect to £. Let A denote the set of nonzero
roots of g with respect to b and let f)R be the real vector space spanned by the
H, €, a €A, where

(4.2.3) (H, Hp) =al(y)

for all H in . The Killing form is positive definite on E)R' By definition x =
—~ 7%, x € g; see (2.2.2). Hence one can deduce from (4.2.2) the equations

(4.2.4) H=5 and Gy=9,

where g, is the root space corresponding to a € A; cf. (4.1.1). Moreover H=H
for all H in §y. Relative to some lexicographic ordering on By let A* be a

choice of positive roots and let 7 be a corresponding system of simple roots.
Define

(42.5) n= 3 g,

T is a nilpotent subalgebra of g and, in fact, 1 is the nilradical of the Borel
subalgebra

(4.2.6) b=H+n

of g. By (4.1.4)

(4.2.7) =2 8.
aeat

and since (x, y)=0for x € 8, y € g5 with a £ — B it follows that
(4.2.8) g=n+bH+7
is an orthogonal direct sum decomposition of g. Moreover

(4.2.9) nl=H+7
so that n is a Lie summand of g.
For each a in A we choose, once and for all, e, in g such that
(4.2.10) (e,,€,) =1.
If {H,,---, H} is any orthonormal basis of b, then {H,,++-, H} U {E’a}ae is

at
an orthonormal basis of n'and {e_} is an orthonormal basis of m.



18 F. L. WILLIAMS

The Weyl group of g relative to § will be denoted by W. W is generated, in
fact, by the simple Weyl reflections S, a € 7, where §: E)l'i — E);‘ is defined by

(4-2.11) S&=E-2¢ a)/(a, ), Eeby.
As usual we define
(4212) 5-3 L B
. Beat

We shall make use of the following well-known (or not so well-known) proposi-
tion. For a proof see Corollary 8.3.8.

Proposition 4.2.13 Let B € A*. Then B € n if and only if (25, B)= (B, B).

4.3 Since v is finite dimensional v has a highest weight € §':

(4.3.1) Un)v) = {0}
where
(4.32) VA=fuev, |l = MH forall H in B}

is the weight space of v corresponding to A. The Casimir operator

(4.3.3) C¥ = Yz z)

i=1

where, as earlier, {zl, cee, zm}, {z eee, zn} are orthonormal bases for a, al,

m4l?
respectively, is a scalar on VJ‘. The scalar is given by

4
(4.3.4) =R rs 2001y 3
see [5]. In particular when v is irreducible
(4.3.5) C% =\, A+ 28}

forallvinV,.

From now on we shall consider the important case when the Lie summand &
is taken to be the nilradical 1 of b; see (4.2.5), (4.2.6). Clearly 1 satisfies
(4.1.2). There is a representation 8(°) of § on AT ® V,, defined by

(4.3.6) BONH) = 0 ® vH)| 7y,
for H in b; cf. (4.1.6). Given £ €b'set
(4.3.7) ARV )¢ =ife AR @V, | BOH) = &H) VHe Bl

As expected we say that & is a weight of B¢°) if (AT v, ) £ {0} In this
case the multiplicity of £ is the dimension of the weight space (AT ®V,, ®.
This terminology extends of course to any representation of H.
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Theorem 4.3.8 If v is irreducible, then the Laplacian L), acts on

AR ® Vv)f as a scalar, for any € in%'. The value of the scalar is
I+ 8,0 +8)~ (€ +8,& + 8)l where ) is the highest weight of v and 8 is
given by (4.2.12).

Before proceeding to the proof we remark that Theorem 4.3.8 is essentially a
version of Theorem 5.7 of [6] which gives the spectral resolution of the Laplacian.
We allow £ to be an arbitrary (complex) linear functional on ¥.

Proof. Let {Hl.}ll.=l be any orthonormal basis of §. Then as we have

observed earlier {H }! LY {e } is an orthonormal basis of 1+ and
1= ,8 B eA+

is an orthonormal basis of n. By Theorem 2.4.7

{e'B§,BeA"

2L, =18C"+ 2 0®@uUepl ®vep)
" Beat

14
- ge ®v(H O ®v(H) - B§>+ 0 ® vle )0 ® 1z )

on AT ®V,. Since for each 8 in A*, (3,3» é'ﬁ)= 1 we have
(4.3.9) [e,B’ Eﬁ] = H'B (see (4.2.3)).

Therefore
6 ® V(Eﬁ)e S V(eﬁ) =0 ® V(eﬁ)e @V(aﬁ) + [0 ® V(E,B)’ 6 ® V(eﬁ)]
=0® v(eﬂ)e ® V(EIB) -0® V(H,B)
implies

l
2L, =1@C -2 0@vH)O®vH )~ 3 0@ulHp
" i=1 : : ﬁ€A+ ﬂ

1
=1®C"-% B(°)(I7i)B(°)(Hi) -3 B(o)(H,B)
i=1 Beat

on AT ®V, by (4.3.6). Also since {Hi};l'-;l and {Ei}z{sl are orthonormal bases
for =1 one easily checks that

l
(4.3.10) H,H) =Y W, H)H, H)

i=1

for all H in . It follows that for an arbitrary f in (AT ®VV)§ (see (4.3.7))
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! I' 1
S BOMHIB O ) = T EH)EH ) = He, H)Hg, H )
i=1

i=1 i=1
= (Hg, HPf = (& &Y.
Also
T By = T &y (6 T B)r=& 2y
Beat Beat Beat
Therefore by (4.3.5)
ZLVIn/ =X +28) (£ 6 -5 200/ =[N+ 8,1+ 8) - (£+5, £+ )

which proves the theorem.
One proves (4.3.4) by arguments very similar to those just given as a matter

of fact.

L

i ; (1) [2) o) v L9
weight spaces of the representations 8% ', 8/, B*’’ (see (4.1.6)) invariant.

From Corollary 4.1.7 we deduce that the Laplacians L Le"' leave

? n?
n vl‘l
However these Laplacians do not reduce to a scalar on a weight space because
of the complex nature of the error terms E.

5. Determination of the cohomology group H Im, n),

5.1 From this point on we shall assume that the representation v is the
adjoint representation 0 of g on g and that 0 is irreducible;vi.e. g is simple. Thus
V, = g. The highest weight (highest root) of 6 will be denoted by A. Under the
adjoint action 1 is an T module so one can inquire about the cohomology groups
Hi(n, 1), i> 0; see 2.4. Tn particular what is the structure of H!(n, 1) as a
vector space over C?

Professor Kostant’s results in [6] cannot be applied to answer this question
directly because 1 is not a g module. However he has computed H(n, n) by
other means in an unpublished manuscript. We shall obtain his results, indepen-
dently, by the application of Theorem 3.1.12 with a=n, U=n.

In principal, but not necessarily in practice, the Hodge decomposition per-
mits the determination of cohomology in any degree. For example

(5.1.1) Hin, n) = {x € AR @n| Lo =0}

where L is given by Theorem 3.1.12. The problem is reduced therefore to
that of finding the zeroes of various Laplace operators.
By (2.4.3) and (2.4.1) with k=1 one sees at the outset that

1 _ all derivations of 1
¢.1.2) H (n, m) = inner derivations of-n

Thus, in particular, we shall obtain the full automorphism group of n.
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By (4.2.8) and (4.2.9)
g=n+hH+7, §+hR=n

is an orthogonal direct sum decomposition of g. Any z in g is written uniquely
z=x+H+y where x,y e, He b, Let P be the orthogonal projection of g
onton. Hence Pz = x. By (4.1.4) P commutes with 6(9); of course this is
trivial to check directly.

The Laplacian Le" which corresponds to the adjoint representation 6" of n

on 1 is given by Theorem 3.1.12:
(5.1.3) Lon=(18® P)Leln +E
on AT @ n where

E= Y X degie,)®Polep)p - DOE,).

Beat yeat
Let B(l) be the representation of §) on AT @ n given by (4.1.6). The vec-
tors {?[3 ®e.} form a basis of A’ ® n. Moreover for every Hin §
Y y,Beat

BWH)E; ®e, = 6 @ AH)Ey ®e, =[H,E5] ®e, +25@[H, e, ]
=(y-BHeg ®e,.

(5.1.4)

This means that the linear forms y - B, y, B € A* are weights of B(l) and they
represent all weights of B(l )I R We can add that

(5.1.5) Aren=Y @ AR
£

where & varies over the distinct weights y = B85y, B € A*,and if x e AR ®n
then x € A'R ® 1) if and only if

(5.1.6) x = z Cﬁygﬁge'y' c'&ye C.
Y Bed*y - B=£
These observations follow immediately.
We define
(5.1.7) (AR @) = fx € (AR @) | L gyx = 0}

for £ € §'. Because the weight spaces AR @n)§ are Le“ invariant (L o and
B™ commute) (5.1.1) and (5.1.5) imply
(s.1.8) H'(m) = > (AlR@n)f  (direct sum).

distinct weights £=7 =57, ,&A+
5.2 Lemma 5.2.1 Forp,veA*, E €,®e,=0unlessv-pe {o} A~
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(where A~ is the set of negative roots). If v—p€{0}u A~ then
EE/L® ey = Z Eﬁ®[eﬁ, [E#’ eV]]°
Bedt; Brv—peat
Proof. By (2.2.8), L(e,y)e—'#= (e.y, Ey) = 57“. Therefore (5.1.3) and (2.2.7)
imply that for any p, v € A*

Ee,®e,= > > e('é'B)L(e,y)Eﬂ ® PG(eﬁ)(P - I)O(Ey)ev
BeAt yeat

Beat
If v-p is not a root then O(Eﬂ)eu= [E'#, e,,] =0—F e_#QeV = 0. Assume
v-p isaroot. If v—p€A* then (by definition of P)

(P - 1)0(3#)81,: 0—E é'y@ey: 0.

If v—pef0}UA~ (where A~ is the set of negative roots) then 6@, e, € nt—
(P - I)G(E'#)ev = G(Eﬂ)ev so that

EEMQ e,= E E,B ® P[eﬁ,[E#, e ll.
Beat
By arguments similar to those just given the only terms which survive in the last
sum are those for which 8- p+ v € A*, The proof is therefore complete.

Proposition 5.2.2 Let v be a finite dimensional representation of gwith
highest weight . Then |\ + 8| > |£ + 8| for any weight € of v such that £ £ .

For a proof see [5, p. 248l

Corollary 5.2.3 If p € A*and v is a root such that v - u is a root then
N+8]>18+v-pl
Proof. Since A is the highest root we cannot have A=v — pfor p € A+,

The proof of the next lemma, up to a point, is essentially Cartier’s simplified
proof of Lemma 5.12 in [6]; see [11.

Lemma 5.2.4 Let (u,v) € A*x A, Then |\ +8| > |6 + v - p| with equality
if and only if p€mandv= S#)\ where S'u_ is the simple Weyl reflection defined
by p (see 4.2.11). Moreover if A ¢ 7 the weight Sp'?t — s jt € my has multiplicity

one.

Proof. If p € 7 then Sy_b‘ =8 - p (see [5, p. 248]) so clearly v = S#)t -
18+v—pl=IS,0+8)=[A+8|. Given y CA put

(5.2.5) (I>=<I>¢,=x/mA+CA+.
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¥ ®CA* pur
(5.2.6) Y=yy=0u-ATnA~ )

where A ~ @ is the complement of ® in A. The mapping ® — /g is a 1-1 map-
ping of the family of subsets ® of A* onto the family of subsets ¢ of A such that
A =y U -y is a disjoint union. Moreover if ® CA* then

(5.2.7) 8~ (D) =-Vi(Y,)

where we define

(5.2.8) (A=) B for ACA.
BeA

In particular for ® = {pu} a single positive root p (5.2.7) simply says that
3—u=-%(ﬂ- = ﬁ)-
Bedt; Bu

(5.2.9) S+v—p=v-Y(y)

where ¢ ={plu -{B € A*|B £ p} by (5.2.8). I S is an arbitrary element of the
Weyl group W then by (5.2.9)

Given peA*andveA

(5.2.10) SG+v-p) =Sv-Y%(SY)=8+Sv-8-Y%(Sy).
Since A =Sy U - Sy is a disjoint union

(5.2.11) SY =g

for a unique ®; CA*, In fact @ is given by

(5.2.12) @ = sy n A%,

By (5.2.7) 8 —(®5)=- %@ ,S> 50 (5.2.10) and (5.2.11) imply
(5.2.13) S@+v—p) =8+ Sv-(Dy).

Since A is the highest root and Sv € A, Sv =X - Zﬁ€A+nﬁB where the 7 are

nonnegative integers. Then (5.2.13) implies

(5.2.14) S@+v-p=8+r- ) an
Bea*

where the nk are nonnegative integers. In particular we choose § € W such that

(5.2.15) @ +v-p), B)>0 vBeA*

(this can be done since 8 + v — p € fp ). Hence by (5.2.14)
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A+82=|8+v-p?+2 Z+nb(5(5+v-n), B+ 22|8+v-p.|2,
Bea

2 B
BeA

which was to be shown. Now suppose A+ 8| =[5+ v - p|. Then each n;3 must
be zero so that

(5.2.16) SG+v-p)=Aid
by (5.2.14). By (5.2.13)and (5.2.16) A + 8 =8 + Sv = (D) or A = Sy — (D)=
A= 2ﬁ€A+nﬁB - (®).

Consequently each ng=0and ®; =g. But then Sy=A\ and (5.2.12) which implies
S N A* =g which implies = S™1A~

sothat ® =y N A*=5"1A= N A*, On the other hand ® = {y}. This says that
the length of S is one; see [4]. Thus we must have §=§ o» SOme . € 7. By
(5.2.16)
A+8=5,8+A-S,p=8-a+A=S_p or S,p=-a=5,a
implies p=a; i.e. p € 7 and S'uv=)\ orv= S#)t since Si: 1. Finally if A £ p,
S A=-p .
p€m then S A€ A*, Let xe A'R®m)* . Then by (5.1.6)

x = 2 cp€pa®e.,, cp, €C
B.yedt y -B=s a-p ey b

But y - B =S,A - p implies (since p €m) y~ B+8=S#A-y+8=5#(h+6)
implies |8 +y = B| = ]\ + 8] so as we have just seen

y-B =S'B)¢-B (with Bem) or SgA-B=S,A-p.
S A=
Therefore = and y = S, (by (4.2.11) and dimA'R ®m)# ' = 1. Of course
(5.2.17) As @n)H - CE,® es,_,,k) for pem, A#p.
5.3 If £ € §' then we shall put
G3.0) (&)= %(r+82 =15+ 4.
From Theorem 4.3.8 and (5.1.3) we derive
(5.3.2) Loa=cé)1+E on (A ®@n).

Proposition 5.3.3 For each simple root p such that S,\ € A* we have

- S A= -
WRen ¥ -(aen' M -cz,e s x
Proof. By Lemma 5.2.4 c(S,A = i) = 0. Therefore Corollary 5.2.3 implies
that S“)x ~ ¢t is not a root. By (5.1.6), Lemma 5.2.1, and (5.3.2) L0n= Oon
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1= S,u.x"u ..
ATR®n) . Proposition 5.3.3 now follows by (5.2.17).
It is useful to observe that for x € AT @ n

(5.3.4) Lgnx=0 if and only if d g% and (den *x = 0.
Alsofor x e Al ®n
(5-3 05) dellx = 0

if and only if x is a derivation of n where we identify AR ®@nwith Aln'®n

(by (2.3.6)) and Aln'®n with the space L(n, n) of linear operators on n. These
remarks follow by (3.1.4), Proposition 2.1.3(i), and (2.4.1). With these identifi-
cations

(5-3.6) Eﬁ ®x: y— /B()’)x’ X, yEN,
where {/'B}ﬁeA"’ is the basis of 1 dual to kﬁ}ﬁeA"‘

Proposition 5.3.7 Lety, B € A* such that y £ B and c(y - B) £ 0. Then
A'm @n)y-A - {ol.
Proof. Take

x = > e, ® ey, dAR @n)-B, cu€C;
n,veat vopsy -8

see (5.1.6). By (5.3.2) Lanx =0 ifand only if Ex = —c(y-=B)x. f y-B is
not in A~ then Ex = 0 by Lemma 5.2.1. Hence LG“x = 0and c(y - B) £ 0 imply
that x = 0, Assume y - 8 € A=, By Lemma 5.2.1

Ex = )3 Cpv > €, ®le, (e, e, 1l
u, veAt vop-y- 8 aedt; ayy-Beat

Clearly y~-B €A™, acA*anda+y—- B € A*imply a ¢ 7 so (5.3.6) implies
(Ex)(e§)= 0 V¢ € n. Hence if Lenx = 0, then c(y — B) £ 0 implies x =

(~1/c(y - B)Ex so that
(5.3.8) x(eé) =0 vfenm.
By (5.3.4), (5.3.5) x is a derivation of n. Therefore x = 0 by (5.3.8). Q.E.D.

Proposition 5.3.9 Identify AR ®@n with the space L(n, n) of linear opera=
tors on n; see (5.3.6). Let x € A% ®m°. Then Lanx =0 if and only if x =

zﬁeA“’c'BO(H'B)’ cg€ C, where Hg is given by (4.2.3).

Proof. x = = A+C#E#®e#’ c,€ C, by (5.1.6). Foreach peA*
e

Ee ®e,= 3 e@legle,e 1= Y e0[H,, e
u#BEMB Bw BGA*B #/3]
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by Lemma 5.2.1 and (4.3.9). Therefore for every y in 1t (5.3.6) implies
Ez,®e )y)= X [s0H egl=|H, X f5y)egl=TH,, yl.
" jea+ B w B M pear BY'"B M

Hence (Ex)(y)= 2#€A+c#0(Hy)(y) Vy € n. By (5.3.2)

Lon% =0 Ex = —c(0)x & x = (1/-c(0)Ex since c(0) £ 0
by (5.3.1). Q.E.D.
Proposition 5.3.10 Choose a fixed ordering of A* so that A*={a, =+, op

“l,...,ap}wbereﬂ_{a e+, oy} For a; nonszmple,l+l<]<p,wnte

(uniguely) a = 21 )a n(’)_ nonnegative integer. For 1<i<1 let

- 0

"1 ith row

0
' nﬁ.l“) (I + Ixh row

)
_ )
Then the matrices {M, } =1 form a basis of Am ®'n)0 xe A\lm ®n)°|L WX =
0}. Therefore d1m(1\ln ®n)0 =1l=rank of g.
Proof. By Proposition 5.3.9, x € (AR ® )] if and only if

x= 3, cy0H,), c,€eC

aeAt
Hence for each B8 in A+

x(e'B) = Z+ Ca,[Ha.’ eB] = Z#CG(B’ a)eﬁ (B Z € a)

acld acA acdt
Therefore
(o, 1(x)) 7
(5.3.11) x= (a;, t(x))
i (@, 1)
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where we define #(x)=Z__,+c,a€5'. On the other hand

(a ), t(x)) ]

1 (o 2x))
3 (a,, tb)M; = 25:1 n§l+l)(ai, 1(x)) =X

i=1

SL | n{PB,, 1))

L

since (@, £(x)) = 2L P, 160 for 1+1 <7< p; see (5.3.11. Q.E.D.
At th1s point we are in position to state and prove the main result of §s:

Theorem 5.3.12 (Kostant). Suppose g is simple with rank greater than one.
Let X be the unique highest root of the (irreducible) adjoint representation 0 of §
on §. Let % be a Cartan subalgebra of g such that b =15 where conjugation on §
is defined by (2.2.2). Let n= X eat + g be the nilpotent subalgebra of § generated
by the positive root spaces. Tben the first derived cohomology space H! (n, n)
has dimension (over C) equal to twice the rank of g and as an % module

H(n, n) = No(n) + > N*n) (direct sum)
aEemw
where w is a system of simple roots and:

(i) NO(n) is the subspace of derivations of W of the form 2 +€ QHHY),
c,€C,with H, gwen by (4.2.3). The derivations 6(H,), wbere a varies over m,
form a basis o/ N (n), hence dim N (n) =rank of g.

(ii) N*(M), a € 7y is a one dimensional subspace of derivations of  with
generator e , ® esakwbere S, is the simply Weyl reflection defined by a (see

4.2.11)), and {eﬁiﬁ€A+, {’é"B}/s ot
see (2.2.1). Thus €, ® esa)‘: eg— 80.,3 esa,\, @, B)emxAt,
If the rank of g is one then Hi(n, n) = CO(H)).

are orthonormal bases of N and T = zﬁeA* 3_pg

Proof. When g has rank greater than one A ¢ 7 so that SMe A* for every p
in m. By (5.1.8)

H(n, n) = (AR ®n)g + > (A" @n}- -8 (direct sum).
distinct Y= B0; Y, Beat

By Proposition 5.3.9, (A'R ®n)] = N°(n). By Proposition 5.3.7, (AR @)y ~A=
{0} for y, B e A*,y ~ B £ Ounless c(y - B)= 0. By Lemma 5.2.4 and (5.3.1) the
weights y — B, ¥, B € A*, for which c(y = B) = 0 are precisely those of the form
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S#)t — s pt € 7y and furthermore
A~ -
Az @n)’~ ”=Ce#® es,a by (5.2.17).
If the rank of g is one, 7 = {A} and H'(n, ) = N°m) = CO(H,). Q.E.D.

6. Some key lemmas.

6.1 Before taking up the study of other cohomology groups we establish the
following formulas which have slight independent interest., Again we assume
that g is simple, A is the highest root, and 26 = 2 ﬁ We shall prove later
that A\, A + 26)=1.

Lemma 6.1.1
@ ;;Z+ (25 legs el = BIA, A+ 26) - (28, a) - (@, Qe
€l
for every ain A
(i) pesi oy B a1l = 00 - el

for every a.in A* (Griffiths and Schmid; cf. Lemma 3.1 of [2]).

oo - o— _ l —
(iii) ngmv Bl 2a11 =410, A+ 28) - (28, @) - (@, ),
for every a in A*,

Proof. By (4.3.3) and (4.3.5)

> aeﬁ)o(eﬁ)+zom JHH) + 3 6leb@y) = (, A + 20)1

Beat i=1 peat
or by (4.3.9)
2 Z 0(eﬁ)0(e5)+20(H)0(H)+ z G(HB)—()& /\+28)1
,BGA" ﬁeA"
Forain A

! 1
> o(ﬁi)e(Hi)ea = Za(Hi)a(ﬁi)ea =(a, ae,
i=1 i=1
by (4.3.10). Also
2 OH pea = > (o, Ble, = (a, 20)e,,

Beat Beat
Therefore

2 ¥ O(eﬁ)e(eﬁ)e +(a, d)e, + (0, 20)e, = (A, A+ 20)e,
Beat

for a in A which proves (i). To prove (ii) we introduce structure constants N, 8
1]
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defined by
(6.1-2) [ea, eﬁ] =Na-,/3ea.+ﬁ if a +B€A

and

Nog=0 if a +B¢ A
By (4.2.10) and the invariance of the Killing form we have the standard relations
(6.1.3) Naupo=N_gawp=Na.-p
ifa, Bsa+ B €A, Of course
(6.1.4) Nap=-Npa:

Now givena in A*, B -a€ A* if and only if B=a+y,y € A*. Therefore since
2a¢ A*

Z [e’B, [eﬂy all = Z [ea.+'y’ [Za.;y’ ea]]

Beat; B_acat yedt; yxa

= Z Na..yy’_'y N..a.--y.a.ea.

veAt; y#a
= Z N_ N, e
yeAtiysa Y, Vay“a
by (6.1.3); hence
> leg, g el= X NogN_g _aeq-
(6.1.5) pea* piacat BB Ta peat, pra afY-B,-a%a

Next

z [eB’ [3,3, ea]] + Z [e;B’ [3'3, ea.]] = Z [eB, [EB’ ea]]

BeAt; Baer” Beat,BadAa~ Beat

or

E [eﬁ, [Eﬁ, ea]] + Z [eﬁs [Eﬁa ea]] + [ea’ [-e.a’ ea]]

BeAt;faea BeA*; B-ada™; fra
- BeA%ﬁm [eB, [5/3, el +leg, [Ea,ea]].
Consequently
leg [Egel= X legEgedl- " X leg[ege,ll
,BeA"%.aeA‘ pe Bea*; fxa pop e Beat; B-aecd* poR e

On the other hand [eﬁ, [?ﬁ, e J1=N_ p,aNs, - p4a€a SO by (6.1.5) we have
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p€A+.zﬁ: ean [eﬁy [-e./g, ea]] = ,BeA§,B¢a (N-ﬁ.a‘ NB.-ﬁ-l»O-- Na._ﬁ N_ ,B,..a.)ea.

= X W gaNgap-NgaN_ga.p)a
BeA™; B=a

by (6.1.3) and (6.1.4)
= Z [eﬂ’ [-e-ﬁg ea]] - [.éﬁ’ [eﬁ9 ea]]

Bed, pra
= BeA;; 'Bﬁa([eﬁ’ [Eﬁ, ea]] - [Eﬁ, [eﬁ, ea]], Ea)ea
= Z ([HB’ ea], 'e'a_)ea= (Za-a,a)ea
Bea*; Bxa

by the Jacobi identity. This proves (ii). Let a € A*, We have
z [Eﬁy [eB’ Ea]] = Z [-éﬁ7 [e'B, -éa]]

Beat BelAt; BacA¥
+ Z [EB, [eﬁ, Ea]] + [EO.’ [ea, ‘é.a]]
BeAt; B_ceAt;Bxa
or by (i), (ii), and (2.2.4)
%I, A+ 20) + (28, @) - (o, )],

= > [Eglepe 1+ (26 -a, 08, + (@, a),.
Bedt; B-acA* pTR e * *
This proves (iii)s
Lemma 6.1.6 Let a € At and let @, Bl)’ cee, (@ ﬁm) be the set of pairs
of positive roots, ordered arbitrarily, such that o, + B;=a. Then

3 1@, [eai, e ﬁl_])|2 = %0268, a) - (a, Q)]

i=1

Proof. [ea_, e ,B.] =(e, [e @ eﬁ‘])e o and therefore
1 1 1 H

[EB;" Ea'i] = [e"'i’ e'Bi] = (EO.’ [eai, eBi])'éa
(see (2.2.4)). Hence
(61.7) Megpep)s g, 8, )) = 1@, [eg e DI
for each i. Now write

leas epl=Na,pfa=Na-p;pfa>

[Eﬁi’ €)= N-Bi.-aiza = N—ﬁi.ﬁi-a.-e."' =No,_pfa
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by (6.1.3). Therefore by (6.1.4) and (6.1.7)

(6.1.8) 2-:1 s [eai’ eﬁi])lz = ;1 Nﬁi.a-BiN- 'R

Similarly

[ea.l-’ eﬁi] = Na.i,a._a.iea.’ [e,Bi’ eai] = Na.i‘.cu,,..a.iecv.= N-ai,a.ea.

so that
m , &
(6.1.9) Z I(Ea’ [eai, eﬁi])l = E N-a.i,a.N a;,0-a;t
i=1 i=1
(6.1.8) and (6.1.9) imply that
2 21 7o [e"'i’ eﬁi])l = Zl Nﬁi.a-ﬁiN-Bi.a+ !E N"'i.a""iN'ai.a
1= i= =
= > Ny,aeyN_ya
vedtyy —aed~ i
= A+Z A (Ea; [ey, [E—y’ ea ]]) = (28 - a, a)
Y€EQAT,y —a €l

by Lemma 6.1.1 (ii). Q.E.D.
The next lemma is trivial.

Lemma 6.1.10 For every Hin b, H= zﬁeAB(H)H,B; hence H/2 =

E'BEMB(H)HIB.

Proof. Let H, = 2B€AB(H)H/3. Now H = H, for some unique £inb'. For

everyy inA, y(H)) = EﬁGA(B, E(Bsy)= &, y)=y(H); see [5, p. 118]. Hence
H, = H.

7. Determination of the cohomology group H!(n, g/n).
7.1 Because 1 is 6(n) invariant there is a quotient representation 6" of 1 on
g/n. Identify g/nwith nt=1Y+ . Then the action 0" of non 5+ T is given by

(7.1.1) 0"(x) = POl 5,  x€m,

where P = P is the orthogonal projection of § onto 1'; see Proposition 3.2.2.
We shall be interested in describing the derived space H!(n, §+ T)
completely.
The Laplace operator La" for the representation 6" is given by Theorem

3.2.12:

(7.1.2) Len=(1®P)L9|n+E
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on ATt @ (§ + ) where

E= X X Epile,) ®POE, )1 - P)bep
BeA* yeat

+18 T POEQ(P - Doley, P =-P".
Beat

(7.1.3)

If x € AR ® (§ + 7) such that Lenx = 0 then we shall say that x is harmonic

(or 6™-harmonic).
By (4.1.6) we have a representation 82 of § on AT ® (b + T) given by

(2)y) =
(7.1.4) B'“(H) J@W{)‘Ammm, Heb.
The elements €, ® €, 2 €, ® H,., where {Hi}11'=1 is an orthonormal basis of § and
a, B € A*, form an orthonormal basis of AT ® (5 + 7). Therefore the weights of
B(Z )|
Alie(ys i)
(7.1.5) -a, and —a-B8, a,BeA’.

are

By Corollary 4.1.7 the corresponding weight spaces are L.‘9 p invariant. Therefore

Hmp+n= T ARG+ ﬁ))g (direct sum)

distinct €

(7.1.6)

where ¢ is a weight —aor-a-f, a,8 € A*,and AR ® o+ ﬁ))‘g is the space
of harmonic vectors in (Aln ® ®+ ).

7.2 The contribution to cohomology which the weights —a.—f3, a, B € A*,
a+ B¢ A*, make is easier to ascertain. We shall therefore consider these
weights first. If —a— B is such a weight, with a, B € A*, a + B not a root,
then one sees immediately (because a + f3 is not a root) that the weight space
An® G+ ?i))‘a‘/g consists of vectors of the form

(7.2.1) x = Z C/WE#Q €., Cuy € C;
K 4v=a4f
cf. (5.1.6).
By (2.4.1) the coboundary operator de“ is the linear map from L(n, § + )

to A2(n, § + T0) given by
dgnx)y 5 y,) = 6"(y Ixly,) - 0"y )xly ) = x(ly, y,])

vyhere Yp Yo €T, X € L(n, b+ T) (the space of linear operators from 1 to § + 7).
Hence, from (7.1.1), denx = 0; i.e. x is a cocycle, if and only if

(7.2.2) 2y 1y y,D) = P" (Ixly ), y,1 + [y, 2(y,)D)

for every y,, y, in 1.



LAPLACE OPERATORS AND CERTAIN COHOMOLOGY GROUPS 33
Proposition 7.2.3 Let pe A*. If e, ®e, is acocycle then p € m.

Proof. Suppose =, + p, where p5 1, € A* and suppose e-# ® e—# satis-
fies (7.2.2). Since p, + p, is a root [e"l’ 6“2] =ae, where a £ 0, a € C. Using
(5.3.6) and (7.2.2) we get

aé‘# = ax(ep') = P([x(e}u1 s e“Z] + [em, x(epz)]) =pP0=0

implies @ = 0 which is a contradiction. Q.E.D.
Lemma 7.2.4 Let p,v € A*. Then
Ee,®%,= -4\ 1420 -(25, ) -l @7,

+ +2 . ?BG[?#, [eﬁ, 'e‘v'l]
BeAt; B-veA
B-(usv)efojua~

where E is the error term in (7.1.3).

Proof. By arguments similar to those in the proof of Lemma 5.2.1 one derives

Ee ®2 =-e,® e 3
S g ,BeA";z,B:-ueM ‘s [e'B,e”]]

+ 2 25 ®[e,, [eg 2 11
Bedt; B_veat g wER Ty
B-(nsv)efojua~

The proof is then concluded by the application of Lemma 6.1.1 (iii).
-Corollary 7.2.5. If p, v, p + v € At then

Ee,®7,=-Jl(, A +28) - (25,) - 0, W), @5, + N J N O |

+ > es®[6, ley 2]
peatipvent P K TETY
B=(p+v)ed”

Corollary 7.2.6 If pen,v € At and p+ v is not a root, then
Ee,®%7, =-%l\, A +208)-(25,1) - (v, v)]é'# ®F,.

Proof. If BeA*3B-veA*tand B~ (u+v)€{0} UAT, then B -
(u+v) €A™ since p+ v is not aroot. Hence p=(B-v)+[-(B-@+v)l¢n
Therefore
es®le, [eﬁ, g J1=0 if pew and p+véA”,
Beat; B-veat .
B-(uv)efolua~
Proposition 7.2.7 Let pe A*. Then ?#' ® e_ﬂ' is @"harmonic if and only if
” €m.
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Proof. If €,® €, is harmonic 'e'# ®¢e, isa cocycle in particular. There-
fore p € # by Proposition 7.2.3. Conversely assume p € 7. Then because
(28, p) = (us p) (see Proposition 4.2.13) and 2p ¢A, Corollary 7.2.6 implies

(7.2.8) Ee,®7, = -4\ A +8) - 20, wle, ®2,.

By Theorem 4.3.8 and (7.1.2)
(7.2.9) Lanx =0 ifand onlyif Ex=-c(£)x for xe (AR ® e LA

Of course ¢, ® ¢, € AR ® (5 + ™)~ 2¥. Also cl-2p) = %I, A + 28) - 2(u, ),
by (5.3.1) (again using (20, ) = (u, p)). Hence (7.2.8) and (7.2.9) show
that e, ® €, is harmonic.

We can now decide which weights of the form —a-,a, B e A*,a+ B
not a root, contribute to cohomology:

Proposition 7.2.9 Let a, B € A* such that o + B is not a root. Then
Am®®G+ Ti))aa"'B= {0} unless a+ B is of the form a+ B =2a,,a,€A*. On
the other hand ‘

{o} if aém,
(AR ®(§ +7);2* =
Ce,®¢, if acm.

Proof. Let x € AR ® (§+ ®)~2~A. By (7.2.1)

x= ¥ c,F.®F, c,cC.
Suppose that x is harmonic. Then in particular x satisfies (7.2.2). Given p,
v e A*such that p+v=a+ B we take y; =€, y, =e,, in (7.2.2). Then since

P™ =1 on § we get

(7.2.10) e, e )) = —c  H, + ¢, H

vp 'l

But [e,u, eV] = O since p+v=0a+ B is not a root. Therefore C,uvHv = C‘V/I.H/J. or

JV=c I p# v then we must have = 0 since p, v are positive

u vukt Cuv=Cup
roots. Thus x is zero if & + 8 is not of the form 2y for some y € A*. On the

other hand if @+ B8 =2y,y € A*, then the argument just given shows that
1= N=2Y - (5 o =
Are®+n); " CCe,®e,.

However by Proposition 7.2.7 we have equality if and only if y € 7. Q.E.D.

7.3 The peoblem of determining which weights of the form —a, a € A*,
contribute to cohomology will now be studied. We will show eventually that
AT ®nt)~*={0},a € A*, unless a has level one or two (i.e. @ is simple or &
is the sum of two simple roots).



LAPLACE OPERATORS AND CERTAIN COHOMOLOGY GROUPS 35

An arbitrary element x in AR ®nt)~?% a € A*, has the form
(7.3.1) x=C,®H + > Cfu® e,
Ky V€A+; HyV=0
where H € §and Cuv € C.

Lemma 7.3.2 Forae A*,He
Ee,®@H =-Y%¢,@H + a(H)e, @ H,+ > BH)Zs ®leg, 2, ]
BeAt; B_aeA™
where E is the error term in (7.1.3).

Proof. By arguments similar to those given in the proof of Lemma 5.2.1- one
derives
EG,@H=-2,8 3 PHHg+alHE,@H, + X 25 ® BH)egs, 2, ].
Beat BeA*; B_acA™
Now apply Lemma 6.1.10. Q.E.D.

Corollary 7.3.3 Foraem,HeY
Ee,®H =-%e,®H +a(H)e, ®H,.

Proposition 7.3.4 If €, ® H is a cocycle where a. € A*, H € b, then unless
H = 0, necessarily a € m; cf. Proposition 7.2.3.

Proof. Suppose a=B+y,B,y € A*and e, ®H is a cocycle. Then
[eﬁ, e 1= ae where a £ 0,a€C, since B+y isaroot. By (7.2.2), (5.3.6),
aH = (e ® H)([eﬁ, e = P“ 0= 0. Hence H=0.

Up to this point we have not needed to observe that
(7.3.5) A A+28)=1.

This follows immediately if one knows that trace C o dimg (C 4 = Casimir
operator); see (4.3.5). On the other hand one can compute trace C o directly

from (4.3.3) using the root space decomposition of g, Lemma 6.1.1 (i), Lemma
6.1.10, and the formula

c?-2 % o(eﬁ)e(eﬁnze(u ) + 3 OH s
feat Beat

see (4.3.3). The result is that trace cf- 2p(\s A + 28) + I where p is the number
of positive roots and /= dimb. But since trace C%= (A, A + 28)dim g (by
(4.3.5))= Ay A + 28)(2p + ) we get (7.3.5).

(5.3.1) and (7.3.5) imply

(7.3.6) 2c(~f) =1- (28, 6) - (6’ f)’ gﬁ E)"

Proposition 7.3.7 Let a € A*, He §—{0}. Then e, ® H is 6"-harmonic if
and only if a € w and a.(H) = 0; cf. Proposition 7.2.7.
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Proof. Suppose &, ® H is harmonic. Then a € 7 by Proposition 7.3.4 and
(7.3.8) Ee,®@H =-c(-a)e, ®H
by (7.2.9). By Corollary 7.3.3 and (7.3.6) this means that
(7.3.9) -%e, ®H +a(H)e,®H,=-%e, ®H
(again since (28, a)= (a, a) for a € ); i.e. a(H) = 0. Conversely if a € 7 and

a(H)= 0then &, ® H satisfies (7.3.9) hence (7.3.8) and hence e, ® H is har-
monic by (7.2.9).

Corollary 7.3.10 Suppose a € n. Then
A'n® @G +7);*=16,0H|Heb, a(H) = 0}
=e,® (hyperplane in b defined by a).

Therefore dim (A'n ® (§+W);% = (rank of )~ 1.

Proof. By (7.3.1), Aln ® G+ 7))~ %= {e_a® H|H € b} when a € 7. Therefore
Corollary 7.3.10 follows from Proposition 7.3.7.

7.4 Corollary 7.3.10 describes of course the harmonic weight vectors for
weights — a where a is a simple root. What is the situation for a nonsimple? We

shall focus attention on this question now.
In (7.3.1) let

(7.4.1) z= Z C;wgp ®¢€,, c,€C,

u,veAt; pyv=a
so that we have
(7.4.2) x=€¢,@QH +z
I Pi, PY are the orthogonal projections of g onto T, § respectively then
(7.4.3) prt = pY Pt
by (4.2.9). Using (5.3.6), (7.4.2), (7.4.3), and (7.2.2), it follows easily that x is
a cocycle if and only if
(7-4-4) Z([y 1’ )’2]) = P'T([Z(y 1),}'2] + [)’ 1° Z(yz)])

and
oy y,DH = PP zly )y, ) + [y, 2(y,)D)

for every y,, y, in 1,

Lemma 7.4.5 Suppose o € A* such that a=a , + B, + B, where a, B,»
By ag+ By By + B, €At but ay + B, is not a root. Suppose that z given by
(7.4.1) satisfies (7.4.4). Then Cayhy+ B, =" B, + By

Proof. Let 8=, +B,€A*. Then [eﬂl’ eﬁZ] = (e-ﬁ, [e,Bl, eﬁzl)eﬁ implies
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z([eﬁl’ eﬂz]) = (3'3, [e/31’ eﬁZ])C'Ba'OE"'O.
Indeed
(7.4.6) z(eB) = Z cﬂyb‘#ﬁ?v=c,&oe_ao.

M, I/EA*; HK4V=a =00 +ﬁ

Similarly since a,+ B, is not a root Z(eﬁ1) = Owhile o) + B, € A* implies

(7.4.7) 2eg,) = prags Pageyr’ t
By (7.4.4) we have then

g, [eﬁx’ eﬁz])"ﬁaozao =P “([eﬁl’ €Bya0+B1°ag +ﬁx])
(7.4.8) _ ]
= ©8ya048112817 Tagpy )"

On the other hand [e, , e 1= Osince aj+ B, is not a root. Therefore
0 2

z([eao, eﬁzh =0. Also z(eao) = Caoﬁaﬁ so that by (7.4.4) and (7.4.7) again we

derive
0= Pi([ct’toﬁE B’ eﬁz] + [e“o’ cﬁz“o«*ﬁlaao +ﬁ1])
or
Capflep ey} = "Cﬁzao+/31[e“o’ CageBy)
or
Caoﬁ(eﬁl, [EB, 6'32]) = —Cﬁza0+,31(eﬁl’ [eaoa E"'OHBI])

or

(7.4.9) CaofCpr leps €p,) =Cpya0.8,(Cagr [ag a2, ])

by the invariance of the Killing form. But by (7.4.8)

(7.4.10) CBGO(EB’ [e,Bl, eBZ]) = CB2a0+ﬁl(ea’0’ [eﬁl’ ea0+ﬁl]).

Since B, + B, is a root [eﬁl, eﬁZ];é 0 so (eﬁ, [eﬁl’ eﬁz]);é 0. Therefore the
lemma follows from (7.4.9) and (7.4.10).

Lemma 7.4.11 Suppose a € A* such that a=a + B, wherea €m, B € At,
Suppose that x given by (7.4.2) (or (7.3.1)) is harmonic. Then (25, Bo)cao By =

@, a)c .
0 "0’%Bya

Proof. By (7.2.9) x is harmonic if and only if Ex = - ¢(~ a)x. By (5.3.1) and
(7.3.5)
(7.4.12) (&) =4%M1-(285, &) - (¢ &)
for every € in §'. By Corollary 7.2.5 and Lemma 7.3.2
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Ex=-%e,®H +aH)e,®H, + > ) BHZ, ® e 4, 7,]
Bedt; Bael
- Z cl_w%[l - (25, v) - (v, v)]E’L® z,

R, vEAY; pyv=a

(7.4.13) . - - -
+ > € pw ® [e#, [e“w, el
u, veAt; pyv=a

+ > 2 cup®le,, leg e ]l
i, vEA*; pyv=a Bed*; f~velt wop w TR
B-aed™

Keeping in mind that a, € 7 we get

On the other hand
(7.4.15) (—c-a)x)ey ) =~Y[1 + (28, a) - (@, A)eg g 2p, -

Since [eao, 'e"a] = ([eao, e_'a], e'Bo)e_’Bo, (7.4.14) and (7.4.15) imply (for x harmonic)

ao(H)([eao, Ea], eﬁo) - %Caoﬁo[l - (28’ Bo) = (Bo’ Bo)]
- 'V’Caoﬁo[l +(28, a) - (a, @)l

(7.4.16)

Now take y, = e ay’ Y, = eﬁo in (7.4.4). The result is that

(7-4.17) (-e-a, [eao, eﬁo])H = -CG'OBOH/SO + C'BOO‘OHO‘O'
Hence

(7.4.18) (2, leg, eg Dao(H) = ~c4 g (@5, Bo) +€ Boao@0r %o)-

Since ([e“o’ g, e5,) =~ @as [e"'o’ eﬁo])’ (7.4.16) and (7.4.18) imply that

c“oﬁo(ao’ By - cﬁoao(ao’ao) - l/":“oﬁo[1 = (23, By) - By, B!
= =Yheqyp,l1 + (28, 0) - (o, )],

Using the fact that a=a, + B, and (28, () = (2, a,) (for o, € 7) we get the
desired results.

We can now prove the following important

Proposition 7.4.19 Suppose a € A* such that a= o+ By + B, where a € =,
B+ Bys 09 + Bys By +B, €AY but ay + B, is not a root. Then
AR ® (§ + )5 %= {0},

Proof. Let x=¢ ®H+z€ AR ®® + )5 “where z is given by (7.4.1).
Since x is a cocycle in particular z ‘satisfies (7.4.4). Let B =8, + B, €A%,
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Then by, Lemma 7.4.5, Ca.O,B == cﬁao and, by Lemma 7.4.11, (20, B)ca‘0 8=

@gs ao)c 2y That is (25, B)Ca0ﬁ= - @ aO)CaO,B implies c“o 8= 0; otherwise
(26, B) =~ (@ 2,)< 0 is a contradiction; one knows-that (26, B) > 0 for every
Bin A*, By (7.4.17) then H = 0so that x = 2. On the other hand noting that the
derivation of (7.4.17) was independent of the simplicity of a, we have (by
(7.4.17))

0=—c  H,+cy,H,

for pyv € A*suchthat p+v=aorc, v=c, p. Butv # u; otherwise 2u =
a € A, Therefore Cuy=Cyp= Ofor p+v=a;0rz=0. Q.E.D.

A simple Lie algebra g will be said to be simply laced if all its roots have
the same length. Such Lie algebras are precisely the following: A, (/> 1),
D, 1>4), E6’ E7, and EB‘ The nonsimply laced g are therefore B, (>2),

€, (123),G,,and F .

Scholium 7.4.20 Suppose § is nonsimply laced. Let o€ At be of level >3
(i.e. a ¢ mand o is not the sum of two simple roots). Then a=ay+ B, +P,
where a ) € my B1s B,s Ao+ B2 By + B, € At but oy + B, is not a root.

Is the scholium true for all simply laced g as well? Maybe it is, We shall
not need it for such g so we have not bothered to check all cases.

The proof is empirical, As an illustration we shall consider the case g=
B Let 7= {al,H',al}. Then A+=iwi,(oi ia)j} where 1 <i<j< [ and

col.=az.+l +ai+2+."+al+a’l’

a)i—wj=ai+l+...+aj,

mi+a)].=ai+l+---+a].+2a].+l+---+2al+2al.

Moreover

levelw,=1-i+1,
levelw, - w, =7 -1,
i
levelcoi+co].=21—i—j+2.

Ve wri =a, a a a eoe =
can write o, 1+1+(i+2+ +al)+ 1whete 2t +a,= 0,

1 417

@, € A* for i + 1 < I which is the case when the level of ®;>3. Alsoa, , +
LIS e e +

@+t (@ 4 ro)ra €A%buta, 4 +0

consider the roots o, = @ The level of 0= o, (= j - i) is greater than or equal

is not a root, Next

to 3 if and only if i+ 3 <j. First assume i+ 3<j. Then Ao+ a €At

i -~ =@, (o e . . .
and we can write ©; - @, =0, ; +(@; ,+ -0+ )+ a wherea,  +
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eee cee + i
@+ oo+ ), (@, + +aj-l)+ajeA buta; ; +a, is not a root. On
the other hand 1f i+ 3 =jthen ;=@ =0+ o+, where a, ate
a,

i42?
a s €At . a. ., i . Fi
iv2 T %3 A* bue ;1 +@;,3 is notaroot. F inally we consxder the roots

®;+®;. These have level >3 if and only if i< 2/~ 1 ~j. First assume j< I
Then @; ; +20; , + -+ + 20, +2a, € A* and we can write

W +w;=a gt a1t +a.)+(a.l+2a,2+...+2al+2a)

where a +(a 1
i+

A"buta+l+(a 1t 2%
i<2l-1-jimplies i< l. Write

+---+a) (@ is I+---+a)+(a +2a g tere+20,+2a )e

+oeeet2a,+ 20’1) is not a root. 'If]- 1, then

w; + 0 =a +a, et a) oy

where o, + (CJ-I.+1 + oot al) € A* bue 2a, is not a root. The case g= Cl is
handled in an entirely similar manner. We leave this case and the case g=F 4
to the reader. Of course the case g=G, is trivial. -

By virtue of Proposition 7.4.19 we have

Corollary 7.4.21 Suppose g is of type B, (1>2),C; (I23),G, or F,. Then
if a € A* bas level >3, (Alne(i>+n)) =1{0}.

We shall prove that Corollary 7.4.21 is valid for all simply laced g also.
This would follow if the above scholium were extended to such §. However we
shall proceed in an independent direction.

By (2.5.6), (3.1.10), and the fact that c*= 9 we have

(7.4.22) (deln)* =d®l+ Y deg) ® 6(F ﬁ)
Beat

on AR ®g. Moreover dA1g = 0 so that

(7.423) g )2, @H=1@[5,, H), (dg)*2, 82,18, 7,
for a, p, v € A*, H € b, Therefore (3.2.7) and (7.3.1) imply that
(7.4.24) (da,‘)*x =0

if and only if

a(H)e, + > c, [e#,e] 0.
K, veA*;;uv-

Proposition 7.4.25 Suppose g is simply laced (i.e. g is of type A, (I2D,
D, (I>4), Eg, E,or Eg)and 0. € A* has level >3. Then (A'R @(E,m»o o

Proof. Let u, v € A* such that g+ v =a. Then because all roots have the
same length we have (a, @) = (u, p) + 2(ut, v) + (v, v) = 2(u, v) + 2(a, @) of
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(7.4.26) (1, v) = (a, @)/~ 2.

Suppose that x given by (7.3.1) is harmonic. Recall that the derivation of (7.4.17)
did not depend on the simplicity of a ;. Therefore by (7.4.17), (7.4.26), and the
fact that all roots have the same length

(7.427) a(l)E, le,y €)= =0, (0 1) 4,0, ) = (e, = €,,)0, @)/2

for p, v € A* such that p+ v=a. Let {(u, v)IT be the set of pairs of positive
roots, arbitrarily ordered, for which p; + v, = a. Then by (7.4.24)

0=alHe,+ Y (cvi#. -c #i”i)[a”i’ El"i]

i=1

or .
m
0=a(H)+ Zl (c,,i#i -c P'i"i)(ea" [z,,i, E#i])
1=
—al) + f“‘”’ I CHA Ak
by (7.4.27). Hence a(H)= 0 and by (7.4.27) we have
(7.4.28) Cuv;=Cypp L1Si<m

We claim that c“ v, = 0if p; € mand v, € A* - 7. Indeed, by Lemma 7.4.11 and
(7.4.28), (26, v, )c = (u, p.)cv n= W, v, )c“ v, s0 (20,v))= v,) if
#0. But then v, €m by Proposmon 4.2.13, Now if a has level > 3, then

,u. v;
we write

m
xX=¢€ e e e
®H+EC#I v H@ z+2c”if‘ie”i®el‘i

=€®H+ Y c¢,,€, 08, + > ¢, ¢ ®F

Hivi Hq Yi HiVi K Vi
piemvidm pifm; viem P

+ - - -
Z Cuivi r“'z evi * Z c"’i/-‘ie”ie el‘vi
{n
K,V Viem; #ifﬂ
+ Z c, € @®F€

+ € €
vifm; piem Viki Vi © Ky Copufv; 8y,
1 [t ]

Vifﬂ; ll','(ﬂ
= -e‘ e e 3 3
«®H+ ¥ Cupfu; @t X €y fv; ® e
Ki, VifT K, V,'(Tf

Hence x(e,y) = O for every y € m. Therefore x = 0 by (7.2.2). Q.E.D.
Corollary 7.4.21 and Proposition 7.4.25 imply

Corollary 7.4.29 AR @G+ n))aa =1{0} if a € A* bas level > 3.
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7.5 The harmonic weight vectors defined by positive roots of level two are
described by

Proposition 7.5.1 Suppose a € A* such thata=a, +@,,a,,a, € . Then
(Aln ®(E) + n))o is one dimensional and is spanned by tbe barmonzc vector

30, (a29 a‘z) _ _ - (a a) _
(Em[ea1 y€q ])®((al, az) Hal Ha2 +ea.l® €a, + €, ® €a;

(a' 1’ a'l)

Proof. Suppose x € (AR ® (§ + )y % By (7.3.1)
x=€,®H +de, ® ea,'2 + bea2® €y
where H€ b, a, b € C. By Lemma 7.4.11 we must have (25, a,)a=(a,a)b or
(7.5.2) b = ((a,, a,)/(a;, a,))a
since a,,a, €. (7.4.17)and (7.5.2) imply

H= 2 %2 )H -H
@y ey eq,) (al,a) “2)’

This shows that (A7 ® ®+ ﬁ)); C Cx, where

z, (@), a,) s oz %) oo
= H, -H ® + ®
Xa, (.e_a’ [eal’ eazl) @(al’ al) a aj + eal ea.z (CX. 1) €,

The proof is therefore reduced to showing that x is indeed harmonic. By Lemma
7.3.2, Corollary 7.2.5, and (7.3.5)

Ex - -g, ® (a,, a,) 0o o—n
T M e 0 ) \epay) 12
+ (a'29 aZ) (a al) (CX., a ) ——:e.'g.‘—__‘®H
al’ al) (eay [e"-l’ eazl)

7,0, ,?,]
+((a2, 2)( 1’0"1)-(0'1’ azb_e:.l__i_!____

(@, a,) (Egoleqreq,))

(azy az) ® [eaz, e ]
+((0L1, al) (azs al) (0.2, 2)) (ea, [e ap ea.Z])
- Hl1-2a,,0)E, @7, +7, @[5, , le;; &)l

+ :al, ) (%M1~ Z(C(-p a )]e ® €a; +e,® [ea'Z’ [ea', eal]])
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Now [eal, é‘a] =(e, , e , é'a])e-a2 = (é‘a,[eaz, eal])e_az. Similarly

%

2
le, .8, )=C,le, ,e, ])e_al. Of course H = H, + H, . Therefore
2 1 2

1 2

(a,, )
Exa_= [“l/?+(a'l7 az)]<aa‘l®aa‘2+(a ) 2®eal)
1 %

- _1. Ea. (az’ aZ) H - H
2@, leg > eazl)e((al, a) 1 %

oys %) a.)-(a., a.) __%a ®H, +H,)
+[al’ al) (a1, 2) ( 10 %2 (ga,[eal’ eaZ]) ay ay

(a,, a)
(a )“2

—-c ®(ea_, [eal, eaz])l-lal—e ®(ea, [ea , ])
By Lemma 6.1.6 we have
@g legs e, Dley, (2o, 20, D) = %128, @) -~ (@, )] = ~(a,, a,)

(since a,,a, € 7). Therefore

2

Ex,=[-%+(a,, az)]<éa1® 'e‘a2+(a ) 0) _ ®eal)

(a;, a)“Z

_1 €a @pa)
A, ea2])®((al, a) e "“2)

e, (az, az)
+ (a: ) (ea’ [ea ) ea21)®(al, al) Ha,l - Ha,z)

=[-¥%+ (@, a)lky= —cl-a)x,

by (7.3.6). Hence x, is harmonic; (see (7.2.9)). Q.E.D.
By (7.1.6)

Hl(n, g/n) = > (AR ®n-‘-)§ (direct sum)
distinct weights £
where { =-~aor—-a-f8, a, B € A*, Therefore by Proposition 7.2.9, Corollary

7.3.10, Corollary 7.4.29, and Proposition 7.5.1 we can now state the main result
of §7:

Theorem 7.5.3 Suppose g is simple with rank I. Let § be a Cartan subalgebra
of g such that § = waere conjugation on § is defined by (2.2.2). Let n=

3 + 9, be the nilpotent subalgebra of § generated by the positive root spaces.
ael

Then the first derived cohomology space Hl(n, 8/n) bhas dimension Pii-1
(over C) and as an ¥y module
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1 - -
H'(n, ¢/n) = Z Ce, ®e¢ + E 5%+ Z Cx, (direct sum)
aem aem aecAt
a=sum of two simple roots

where 7 is a system of simple roots and
@) 5*=1{e,® H|a(H) = 0, He b}

(= hyperplane defined by a € n) has dimension [ -1

11 == - e, +  ————e e
* (ea.’ [ea-l’ ea2]) (al’ al) o 2 i *2 (al’ al) *2 M

where a=0, +a,, &;,Q, €7, A€ At and where Hg B € At, is given by

(4.2.3). As in Theorem 5.3.12 {e} , {e .} are orthonormal bases of n
~ B geat B gea-

and M= E/BeA* 3_g (see (2.2.1)).

From the remarks immediately preceding the statement of Theorem 7.5.3, it
suffices only to verify that dim Hl(n, g/n)= 12 + 1-1. For this we observe

Proposition 7.5.4 If g is simple with rank | then the number of positive roots
of level two (i.e. positive roots that are the sum of two simple roots)is I~ 1.
Proposition 7.5.4 follows by inspection. Hence
dimHr, ¢/m) =1+ -1 +1-1=12+1-1.
8. Determination of the cohomology group H!(n, n').

8.1 Tn the final portion of this paper we shall discuss cohomology defined by
the co-adjoint representation of 1 on its dual n', This representation is denoted

by 0™ where 0 is the adjoint representation of g on 8. Recalling that there is a
unitary map 7 of 1’ onto T we shall regard 6" as a representation of Non Ti. Then
by Proposition 3.3.4

(8.1.1) 0" (x) = PPOW)|;,  xEm,

where PT js the orthogonal projection of g onto . The Laplace operator Le“'
'

corresponding to 6" is given by Theorem 3.3.11:

(8.1.2) Low=018 P'—‘)Leln +E

on AT @7 where

E= @ ule.,) ® PTOE. )1 - PMY6(e o)
,3§+ 'E'A" A ey K

+1® Y PUE)PT - ke .
Beat

(8.1.3)
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Analogous to (7.1.6) we have

(8.1.4) H l(n’ n) = Z (A he ﬁ)g (direct sum)

distinct £

where £ is a weight ~a— B,a, 8 € A*, of the b-module AT ® T and
(Al'ﬁ 9?1)50 ={x e AR ®ﬁ)§'[L9n,x = 0} = space of 6" -harmonics. As in the

case of H 1(t't, g/n) we must examine which weights contribute to cohomology.
One verifies immediately (using (8.1.1)) that x € L(nt, ®) (the space of linear
maps from N to 1) is a cocycle if and only if

(8.1.5) x(y» y,D) = PH([x(y D v+ Dy 2y 0D
for every y,, y, in ; cf. (7.2.2).

8.2 Lemma 8.2.1 Let p,ve A*. Then
Ee,®%F,=- 4l A+20)-(25, ) + (v, Ve, ®FC,

+(g e, ®e, + Y ez@[e, [eg e )]
Y P geat, Boveat p8LEy lep 2
B=(n4v)ed”™

where E is the error term in (8.1.3); (cf. Lemma 7.2.4).
Proof. A direct (but uninspiring) calculation gives
E'e'#Q €,= (v, v)'e'#, ®e, +(u, Ve, @'e'#
- > e, ®Eglepe e X g5 @2, [eg, 2, 1.

Bed*; B-veat Beat; B-veAt
B-(p+v)ed~

Now apply Lemma 6.1.1 (iii). Q.E.D.
Corollary 8.2.2 If pe myve A, then
Ee,®%,=-%[1-(25,v) + (v, Wle, ®e, + (1, Ve, ®F,;
(see (7.3.5)
Corollary 8.2.3 If u, v € =, then
E?”_@?u = -%E#®3v+ (p, v)e,, 85#.
Corollary 8.2.4 For every pen, &,®¢e is 0™ -harmonic.

Proof. Just as in (7.2.9) we have

L
(82.5) o
Ex=~c(&)x for x € (AR @ﬁ)f

x=0 if and only if
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where E is given by (8.1.3). By (7.4.12) c(=2p) = %1 - 2(p, u)] for p € . Hence
Ee,®¢, = -c(-Z;L)E'# ®é, by Corollary 8.2.3.

In an entirely similar manner we obtain
— — — — . U .
Corollary 8.2.6 For every p,v € w, e#® e,+e,0¢,is 0" -barmonic.

Corollary 8.2.7 If u, v € 7 such that (u, v) = 0, then 'é"# ®e,is o' -harmonic.

If a, B € A* then the general element x in (AR ® 7))~*~5 has the form

x = > €uf,®%, c,eC.
(8.2 08) “, V€A+; ,u+v=a.+ﬁ YT laid

Lemma 8.2.9 Suppose x given by (8,2.8) is harmonic. If p€ nyve At such
that p+v=a+ B then [-(28, v)+ (v, v) + (u, v)]c#v= (s v)cw; cf. Lemma
7Aull. In particular if v € n also then (py v)c = (s Ve, o

Proof. By Lemma 8.2.1

Ex=-Y )3 C;W[l -(25,v) + (v, v)]E#® c,
K, veA*; pw=a4f

+ > c ;w(p, v)e, ®e “
By vEAY; nav=.f

¥ > z ¢ 0, le, e 1l
W, vedt; prv-a 8 Beldt; f_veAt B w B 1)
B-(L+v)eA™
Therefore if p,€m v € A* such that Po+ Vo=0+ B, then

__1
(Ex)e, ) = -Y%c,
On the other hand

0”0[1 =28, vy + (v, vo)]'e‘,,o + C”oﬂo(ﬂo’ Ve,

*ep)) = Cuguofug
and
c(-a-PB) = cl=pg=vy) = %l1+ (25, ve) = 2pgy vo) = (v, vl
by (7.4.12). By (8.2.5) (Ex)(eﬂo) ==Clpy— vo)x(e’u 0). Hence the lemma

follows.

8.3 In the derivation of Theorem 7.5.3 crucial use of (7.4.17) was made.
The continued study of H'(n, ) requires a similar relation, (7.4.17) is a direct
consequence of the cocycle condition (7.4.4) (or (7.2.2)) of course. However if
one applies the cocycle condition (8.1.5), proceeding in an analogous manner,
one obtains the embarrassing result: 0= 0. The reason is that P7 annihilates §.
We shall indicate how this difficulty can be circumvented by bringing in a know-
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ledge of the cohomology group H(n, b) where b is considered as a trivial n
module.

If v is the trivial representation of g on V , then by Theorem 2.4.7 the
Laplacian LV'R on ATt ®V,, is given by

!
(8.3.0) 2L, =-YHH)AH)®1- 3 O6H)®L.
" i=1 aedt

The representation 8° of b on AT ®V,, is given by BUH) = 6(H) ® 1, H € b; see
(4.3.6). T £ €9’ then

on (AR ®Vv)§; cf. Theorem 4.3.8. B ®and L clearly commute since } is abelian.
It is easy to see that

(8.3.3) A% eV, = > (AR ®@V,)"*1"%*2  (direct sum)

a1,a2 €A+; ajlcar
2 -a,-a, .
where x € AR ®V,) if and only if

x= X ¢ Es AT @, vEV,.

(8.3.4) B, vea*; By
Byy=ap+ay
Since the weight spaces are L"l invariant (because B°and L”ln commute )
n
H¥n, V) = > (AR eV, 172
(8.3.5) ay,a,€A%; aj<ay

(a14a2,a14a9)=(a1+,28)
by (8.3.2). Also because L Y is positive definite (8.3.2) implies
n
Proposition 8.3.6 For a;,a, €A*,a, £a,,
(a; +a, a, +a) <(a; +a, 20).
Proposition 8.3.7 If a,, a, € A* such that (a, +a.

then o, +a, is not a root.

e +a2)= (ocl +a, 28)

Proof. We may assume of course that a, ;é-az, say @, <a,. LetveVy,v £0
be arbitrary. By (8.3.5) (f?aLl A E'az) ® v is harmonic. In particular 0=
ct((e.ml A e_a2)® v) by (2.5.6). However c: =c*®1=9081 by (2.5.4) since
c,= 0. Therefore by (2.5.1)
0=, %, )®v implies 0=[z,,7,]

implies a; + a, is not a root.
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We can now prove Proposition 4.2.13:
Corollary 8.3.8 Let B € A*. Then B € n if and only if (25, B)= (B, B).

Proof. If B8 € 7then (25, B) = (B, B). This is easy to check; see proof of
Lemma 2, [5, p. 248]. A denial of the converse would be a denial of Proposition
8.3.7. Q.E.D.

8.4 Consider the short exact sequence of n modules:

0—-f -H+R T —0.

This sequence gives rise to a long exact sequence of cohomology groups. A
portion of the latter sequence is

e = Hl(n, §+7) — HYn, B) — H1, B —HAn, H+n) oo,

For later applications it is useful to display the ‘‘connecting’’ Bockstein homo-

morphism H!(n, i) — H2(n, §) explicitly. The orthogonal projection P = P/

of b+ Tionto Tt induces a homomoephism P: H@®, b+ i) — H'(n, T). On the cocycle
level P is given by

(8.4.1) (P)y) = Pxly)

where x € L(n, § + 1) satisfies (7.2.2)and y € n,
The basis for constructing the connecting homomorphism of Hl(n, ) into
H’(m, b) is given by

Lemma 8.4.2 Let w = PY be the orthogonal projection of g onto §. Given
x € L(n, N) define wx € A%n, B) (see $2.4) by

(8.4.3) (wx)y }, y,) = ollxly ), y,] + [y, x(y )D)

where y,, ¥, € . If x is a 1-cocycle, i.e. x satisfies (8.1.5), then wx is a 2-
cocycle; i.e. for every YypYp ¥y €T

(8.4.4) (@x)ly s yob 3) = (@x)y 5 y51, y,) = @)y, y5), ¥,);
(see (2.4.1)).

Proof. First we observe that
(8.4.5) wlP%z, y] = wlz, y]

for z € g, y € n. By (8.1.5), (8.4.3)
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~(@x)[y > ¥,)y y3) + (0x)ly,, y3h y5) = (@x)ly,, y3h ¥y
= "(l-)([x([}’ 1 yzl)y )’3] + [[)’ Y y2]9 x()'3)])
+ollelly jp y, D5 v + Iy g5 31 2(y )N
~ollxly, y3D v, + Iy 50 2y DD
= -m([Pﬁ([x()’ l)’ )’2] + [y 1? x(yz)]), }’3]) - a’[[}’ 1° y2]’ x(y3)]
+o([P([xly ), y3l + by 2y D, 3,0 +elly, ysl, 26
—w([Pi([x(yz), y3] + [yza x(y3)])1 yl]) - w[[}’ 2? )'3]9 x(y l)]
+ollxly ), y5lo y,) + olly ), 2y ), v, + ally ), y 5l x(y)]
~ollxly,), y3], yl] - olly,, x(y;)], y)-olly, ysl,r x(y )] (by (8.4.5))
=0
by three applications of the Jacobi identity, for every y,» ¥,s ¥ 3 €M Q.E.D.
It is also true that wx is a coboundary if x is a coboundary. Therefore @
defines a homomorphism w: H l(n, n) — Hz(n, §). Moreover
H'(,§+7) 5 g, 7) S HAn, §)
is exact. Now in view of Corollary 2.1.4 (a consequence of the Hodge decomposi-
tion) every cocycle is cohomologous to a unique harmonic cocycle. Thus wx, for
x a 1-cocycle, differs from a unique 6™ -harmonic by a coboundary 8,f,, f, €
L(n, B). By (2.4.1)
(8.4.6) (81/,‘)()/ 1° }’2) = —fx([y 1° J/z])

for y,,y, in n. Hence for a unique x in H%(n, §)
(8.4.7) (0x)y 1 y,) ==/ My y ) +xy; Ayy)

for every y,, y, in 1. On the other hand by (8.3.4) and (8.3.5) we can write
o= >
(8.4.8) a1,a0€8%; aj<a,y
|a1+azlz=(a1+a2,2 8)
where

xa‘l-a2= dﬂ'y(EB/\Ey) @H

(8.4.9) B, yea*
Byy =aq 4ay; <y

1,22

with H&I'az €5. Now let a, B € A* and suppose the cocycle x €
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AR ®ﬁ)-a°"'30 so that by (8.2.8)

8.4.10 x= > € @€y

( ) By vedt; pavoag+By

Given g, v € A* such that p+ v=a + 8, take Y1=€w¥,=6, in (8.4.7). Then
using (8.4.3) we get

(8.4.11) —cpHy+eyHy==flle, e ) +xfe, Ae,);

cf. (7.4.17). This is the relation we desire with regard to the remarks made at the
beginning of $8.3.

Lemma 8.4.12 Suppose p,v,p+v €A*. Then xoe, Ne)=0forx given
by (8.4.8).
Proof. By (8.4.9)

*ap,apleuey) = )2 Ipy(Ep N2y ey NeH
B,yea*
Bty=aytay; B<y
=Ounless B=p,y=vor B=v,y=p;see (2.2.5). The latter two cases require

21,22

p+v=B+y=0,+a,sothat [u+v|’ = o, +a,|% = @ +a,, 25) (see (8.4.8)=
(1 + v, 28) which contradicts Proposition 8.3.7 since g+ v is a root. Hence
x “1’az(e/" A e,) = 0 implies x O(e# Ae)=0.

Corollary 8.4.13 Suppose that x given by (8.4.10) is a cocycle and suppose
ay+ By is aroot. Then for p,v € A such that p+v=a,+ B, we have

~Cu H, + Cv;uH# = (an*rﬁo’ [eu, ev])(— /"(e"‘0+/30))'

Proof. [e#, e,]= (?ao""B-O’ [e#, e"])e"’o""eo. Hence Lemma 8.4.12 and
(8.4.11) imply Corollary 8.4.13.

8.5 Proposition 8.5.1 Suppose .y By» @, +B,€ A*. Then (AIRQE);aO-ﬁO=

{0} unless Qg By € (see Proposition 8.5.6).

Proof. First we assume that g is nonsimply laced. Let y =a +f8 € At,
Suppose that x given by (8.4.10) is harmonic and assume that a or B 0 is non-
simple. By Scholium 7.4.20 y =y, + Bl + Bz where y € 7, ’31’ Bz’ Yo+ Bl’
B, +B, €AY bury + B, is not a root. By Lemma 7.4.5

(8.5.1) CyoB="CBro
where B=f +B,¢€ A*, By Lemma 8.2.9
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[“(287 B) + (ﬁ, B) + (}’0, B)(Cy Oﬁ)]c')’ 0,B= ()'0, B)Cﬁyo

(8.5.2) =~ (4Ble, p by BS1).

If c,yoﬁé 0then (28, y) = (20,7 )+ (26, B)= s v ) + (B> B) + 2(y (» B) = (y5 ¥)
so y € 7 by Corollary 8.3.8. This is a contradiction; hence c,yo,B= 0. By (8.5.1)
and Corollary 8.4.13 /x(ey) = 0. Applying Corollary 8.4.13 again we get €LV =

cyuhfor pave A*suchthat p+v=a,+B,=y. y=root implies p# v and hence

= Cop = 0 implies x = 0. This proves the proposition for the nonsimply laced

case. Now assume g is simply laced; i.e. all roots of g have the same length.
Then for p,ve Atsuchthat p+v=1y

(8.5.3) (1 V) =y, 1/2
by (7.4.26). Let H=~{ (e )€ b. Then by Corollary 8.4.13
(8.5.4) }/(H)('é,y, [e;l-’ ev]) = -C,LLV()/’ V) + CV/L(y’ Il) = (C‘V;L— C/.LV) (y, y)/z
by (8.5.3) and the fact that g is simply laced; cf. (7.4.27). Moreover by (3.3.9)
and (7.4.23)
> e, [8,%,1=0;

woved T pay Y

cf. (7.4.24). Thus we have all the ingredients necessary to imitate the proof of

Proposition 7.4.25. Indeed by arguments entirely similar to those given there we
see that y(H) = 0 and hence

(8.5.5) Cop= Cpv

by (8.5.4) for all p, v € A*such that p + v = y. Next note that ¢, = 0 for p €,
v ¢ 7. Indeed by Lemma 8.2.9 and (8.5.5)

(=28, ) + (v, V) + (, Ve, = (u, V), = (s V)c
so that (28, v) = (v, v) if € # 0; cf. Corollary 8.3.8. Therefore by essentially
the argument which follows (7.4.28) we have x = O unless both Qg B 0 €M
Proposition 8.5.6 Suppose ay, B, € w and ay + By € A*. Then

1= o=y %0 A = .= =
Anem, 0=C(g"‘o®e/30-|-e'30®e"Lo).

Proof. Let x=ae_. ® e, +be, ® e_ be an arbitrary vector in
% By Bo~ "%

-a «f
A% ®T) © "9 Ifx is harmonic, then (s Byla = (2 B,)b by Lemma 8.2.9.
Since a, 8, € mand ¢ + B is a root, (2, Bo),i- 0. Hence a =05 implies

(AR®R;™ P €, @24, + 25,8 %ay-
By Corollary 8.2.7 we have equality. Q.E.D.
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Having now described all harmonic weight vectors for weights —a — 8, where
a, B,a+ B € A* we turn to consider the weights —a- B, a, B € A*, such that
a+ B is not a root. Such weights fall into two classes according to equality or
inequality of the numbers |a + B|Z, (@ + B, 26).

8.6 Proposition 8.6.1 Suppose ay, B € A* such that aj+ B, is not a root
and such that |a, + BOI2 £y + By 26). Then

AR®R);*07P0 o}

unless a + B is of the form a+ B =2y, y, € A*. On the other hand

10} ify, g,
(AR OR);?70=

C3y°® 'é,yo if y €
for any y, € A* (c[. Proposition 7.2.7).

Proof. By the argument given in the proof of Lemma 8.4.12 x (e, Ne,)= g
- -
for py v € A* such that p + v = a,+ Bo where x is a cocycle in AlR@7) © 0
given by (8.4.10). Also [e#, ev] = O since p+ v is not a root. Therefore by
(8.4.11)

—c/va+cV H =0

piu
or €, V=0 He If a0+Bo is not of the form 2y, y € A*, then p# v implies
Cup=Cy,=0 implies x = 0. If a;+ B, = 2y for some y € A*, then we have

just shown that
1= o =\=270 -
(A'R®n) CCe, ®%, .

¥ y, € m, then we have equality by Corollary 8.2.4. Conversely if x = e—yo ®
E',yo is harmonic then x is a cocycle in particular so y, € 7 by the argument in
the proof of Proposition 7.2.3. Q.E.D.

Note that indeed IZyOIz £ Qyg 28)fory € m.

8.7 The contribution to cohomology of weights of the foom -a - 3, a, B € A*,
where [a+B|% = (a+ B, 26) must be considered, finally, to complete our analy-
sis. First we shall characterize such weights:

Lemma 8.7.1 Let y,,y, be distinct simple roots and let S,, be the simple
2
Weyl reflection defined by y,. Then yZ,Syzyl are positive roots such that

(8-7.2) 'yz + S'y 2}’1| 2 = ()’2 + s'y 2}/1’ 28)-

Conversely if a, B are positive roots that satisfy (8.7.2) then there exist distinct
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simple roots y,,y, such that the sets {a, B, iyz,S ¥,} coincide. Moreover

if Y13V, By I, are simple roots such that y, +§ y Y1 =H+S, “l’ Y1 F Yy
2

By # 1, then the sets {yz, S yll {;12, ) ul} coincide.

Proof. If y,,y, € mthen (y, +5,, Ju 20)=ly, + S, y1| by (4.2.11), Prop-
osition 4.2.13, and the fact that §,, 1s orthogonal. Conversely leta,BeAt
such that |a+ B|2 = @+ B, 26). Then

(8.7.3) 18] = |8~ a - B|2.

We shall outline an argument which, up to a point, is quite similar to
Cartier’s argument given in the proof of Lemma 5.2.4. Put ® ={a, B CA*, £ =
—-a—-fB. Then £ =~ (D) so that

(8.7.4) S+&=-Y(g
by (5.2.7) and for every S in the Weyl group W
(8.7.5) S(8+ &) =8-()

where @; = Sy NA*; cf. (5.2.13). If (Og) =2 6A+n7y where the ny are non-

negative integers, then choosing S € W such that (S@ + £), y) > 0 for every y in
At we have each n, = 0 by (8.7.3) and (8.7.5). Hence ‘DS =@ or

(8.7.6) sTIAT N At =0 =1a, Bl
Thus S has length two:
(8.7.7) S=S71S72’ )’1’ }’2 €m;

see [4). (8.7.6) implies S £ 1; i.e. ¥y # v, Since s, J1= S,yzS,yl(- Y1) we
“1p =~ “1p-

have §_ Re €S~IA" N A*. Similarly ¥2=5, ,yl( Sylyz)es A= nAt

so that

(8.7.8) s, Jv ¥ i=1la, B

by (8.7.6). Suppose Yir¥yr by by Emwithy, +5 yl-y2+S yl,yl;éyz,
“1’4”2 Then

5725713—8=572(8-y1)—8=8—y2-572yl -8
=°”2°Sy2“1 =S#25#16-8
or

S. 5 6=5S_5§ &.
Y2 7" Y2 "

Since § is regular§_ S =S S (the Weyl group acts simply transitively on
Y271 Fahy
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the systems of simple roots). By (8.7 6)and (8.7.7) we have
tyyrSy v)}=5, 5, ATn At
= S”'ZS”'IA- nA*=tp,, Sﬂzyl}. Q.ED.

It follows that the weights in (8.3.5) have multiplicity one. This is known
of course by Kostant’s work. We also have the following

Corollary 8.7.9 If y v, € 7 are distinct then y, + S,y Y, is mot a root; see
2
Proposition 8.3.7.

Proposition 8.7.10 If a, B are simple roots such that |a + B|? = (@ + B, 28)
then AR ®T);*A-C7,@7,+C7, 07,

Proof. Since a, B € 7, | + B|2 = (@ + B, 20) if and only if (a, B)= 0.
Therefore Proposition 8.7.10 follows from (8.2.8) and Corollary 8.2.7.
Proposition 8.7.11 Let y,»y, be distinct simple roots. Assume S,y v, s
2
not a simple root. Then

x -7, ®¢ - ® e
(8.7.12) ey Ty s, T,

is a harmonic vector and in fact

‘72“$ ‘yl
Almem, = 2 '.Cx, .
Proof. Let
-7 ,=$
x€ AR @T)
be arbitrary. By (8.2.8) and Lemma 8.7.1

x=ae, ®eg

7,

+be ®e
Sy, 717 72

72
a, b € C. Now assume x is harmonic. Then by Lemma 8.2.9

- @3, Sy Y0+ Gy y1a Sy ¥+ Oz S,yzyl)]a =315y y1b

or since § y is orthogonal
2

(Y2! }'l)a == (}’29 yl)bO
Now S'yzyl =¥, - Q@,» yl)/(yz' yz))yz; so because 57271 is nonsimple we
; see (8.7.12).
YY)

is harmonic. By Lemma 8.2.1

must have (y,» yl)f4 0. Therefore a = - b implies x equals x

The proof is then reduced to showing that x
‘yl.’yz
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and Corollary 8.2.2 we have

—_un _ - _
Ex,yl’,yz— /2[1 (26, S,yz}’l)+ (S,yz}’l’ S.yzyl)]e.yZQesyzyl

-— — 1 — —
+ 020 Sy ¥,)2 2 ®e, +4ll-@,y,)+0, yz)]esy2 y,®Fy,

-(@.,S, y)e., ®¢e
225y, "1y S,
2 2 7,71

- ﬁeA+;'B-72€A+ e B ® [e S'yzyl ’ [eﬁ’ e 72]].

B-s.,

V=7 ,€87
2 1 2
Now if B € A*such that B~y, €A*and B- S'yzyl -y, €A, then B+ B, =
Yyt S'yzyl for some B, € A*and B£y,. By Lemma 8.7.1 we must have 8=
S'yzyl and B, =y,. Therefore
0l legp e, 11

B Syzyl, g

Beatipoyjeat 72

+
ﬁ-syzyl-yz €A

]

eg ® le [ e, 1
7,71 Sy, 71" Sy,Y1 72

5y, ® V2 Sy )%y, == b1s yz)é.svzyl ®%,

by the Jacobi identity since y, + S 2 is not a root. Therefore since § y is
2 2

orthogonal
Ex71’72 == %l +20,, yz)]é',},2 ® e_s‘yz,y1
-0y }/Z)E'S'yz.),1 ® 'e‘y2 + %é-syz."l ® e‘,},z
AR ALE REN i yz)asvz"l ®%,
T %xyl""z

On the other hand
-cl-y. - ==1 - 212
cl-y, S,yzyl)— L%l + 285, Y, +S,y2yl) Iy2 + S,yzyll l=-Y4
by (7.4.12) and Lemma 8.7.1. Therefore
E

x =~ hx =-cl~y,~-S§ )x
Y97, Y17, Y273y 1%y,

implies x is harmonic; see (8.2.5). We can now present

77,
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Theorem 8.7.13 Suppose g is simple with rank I, Let § be a Cartan sub-
algebra of g such that =T (see (2.2.2)) and let n= 3 A*g“ be the nilpotent
a€

subalgebra of § generated by the positive root spaces. Let ' be the complex
dual space of n. n' is an nmodule under the co-adjoint action. The first derived
cohomology space H l(n, n') bas dimension Pil-1 (over C) and as an Y module
oy X Cr oF > ;i er
H(n, )= a.ezﬂ Ced@ €at ordered pairs C(E-a®eﬁ+ °B ® ea)
(0, 8) emxmas+fea®

ordered pairs Ce,® €g*t c ‘B ®e,)
(aB) emxmi(e, ) =0

* distinct (unordered) pairs c *a,B
(a,B) emxm;(a,3)=0

where 7 is a system of simple roots and
@) x, 8= ?,BQFS a— €5 ,® e_ﬁ/or a, B in my where S.B is the simple Weyl
9

reflection determined by B (see (4.2.11));

(ii) {eﬁl A {é_ﬁ},ﬂeA" are orthonormal bases of Ny, T = EﬁeA+ g_ﬁ (as in
Theorem 7.5.3); see (2.2.1).

Proof. By (8.1.4), Hi(n, n')= 25 AR ®T-1)§ (direct sum) where £ varies
over the distinct weights —a - 8,a, B € A*. Among the weights —a— 8 such
that a + 8 is a root, only those for which both a, 8 € 7 contribute to cohomology
and this contribution is the summand C(e a® E,B + 'e"B ® ?a); see Proposition 8.5.1
and Proposition 8.5.6. The number of such summands is /~1 by Proposition
7.54.

Now consider weights ~a - 3, a, 8 € A*, such that a + 8 is not a root.
Among these which satisfy |a+ 8|2 £ (a + B, 28) only those of the form ~ 2y,
y € m, contribute to cohomology. The contribution is the / summands CF,), ®e,,
y € m; see Proposition 8.6.1. Finally consider weights ~a -8, a, B € A* for
which |a + B|? = (@ + B, 28). By Proposition 8.7.10 for each ordered pair of dis-
tinct simple roots {a, B} for which (a, 8)= 0 (i.e. for which a + B is not a root),
there is the contribution Ce ®¢€ 5t Ce 5 ® e to cohomology. The number of
such pairs is (I - 1)(I - 2)/2, as is easily seen by an examination of the Cartan
matrices. The contribution of such pairs to the dimension of Hl(‘n, n') is there-
fore (I-1)(I-2). On the other hand if a, B are distinct simple roots, then
(@, B) £ 0 if and only if Sﬁa is not simple. Therefore by Lemma 8.7.1 and Prop-
osition 8.7.11 the remaining contributions to cohomology are the summands

(see 8.7.12) where a, B are distinct simple roots such that (a, B);é 0. The
numbet of such (unordered) pairs is the number of nonzero off-diagonal elements
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in the Cartan matrix of g. Thus this number is > — number of diagonal elements —
twice the number of zeroes above the diagonal. But we have just seen that the number of
zeroes above the diagonal is (I - 1)(I - 2)/2; this is the number of ordered pairs
of distinct simple roots {y, v} for which (g, v) = 0. Therefore there are 2~
(l-1)(-2)=2(-1)summands C"a,,B' We now see moreover that

dim Hi(n, n')=1-1+1+(I=-D(I=-2)+2(-D=1+1-1.

Note that H'(m, n')and H'(n, g/n) have the same dimension.

Remarks on H%(n, n). The nature of the cohomology groups H2(n, n) could
now be determined with a modest amount of additional labor. One can see for
example that

(8.7.14) 0 —»H(n, g/n) »H*(n, n) > H*(n, g) — 0
is exact when [ > 2, [ = rank of g.
Now dim H2(n, @)= (I - 1)( + 2)/2 by Theorem 5.14 of [6]. Hence
dim H2(n, n) = dim H!(n, g/n) + dim H2(n, @) = B BI2 + 31 - 4)
for I > 2; see Theorem 7.5.3. The author has learned of the interesting work of
Leger and Luks [8] which contains, among other results, a complete account of

Hm,n). In regard to the sequence in (8.7.14) they have observed the following
deeper resule:

Theorem (Leger and Luks). If the rank of g is greater than j then

0— Hj"(n, g/n) — Hf(n, n — Hf(n, g)—0
is an exact sequence.
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