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FLOYD L. WILLIAMSt1)

ABSTRACT.   Let n be the maximal nilpotent ideal of a Borel subalgebra of a

complex semisimple Lie algebra g. Under the adjoint action n, g/n, and  n   (the

dual space of n) are  n  modules.   Laplace operators for these three modules are

computed by techniques which extend those introduced by B. Kostant in [6j.  The

kernels of these operators are then determined and, in view of the existence of a

Hodge decomposition, the detailed structure of the first degree cohomology groups

of  n with coefficients in n, g/n, and   n    is obtained.   These cohomology groups

(spaces) are described, in fact, as completely reducible modules of a Cartan sub-

algebra  t)  of g.

1.  Introduction. Suppose that (v, Vj is a finite dimensional irreducible re-

presentation of a complex semisimple Lie algebra  g.  Let r denote conjugation of

g with respect to a fixed compact real form of  g and let  ( , ) denote the (nonde-

generate) Killing form on  g. The equations

\x,y] =-(x, ry),   x=-rx,    x, y in g,

define a complex inner product ! , I and   -operation on g.

Given a Lie subalgebra  a of g let dv\    be the coboundary operator asso-

ciated to the restriction i/|B  of v to  <X.   dy\    acts on the cochain complex Aa

® Vv, where   a    is the dual space of  a. The corresponding Laplace operator L \

tot the a module V    is defined by

for an appropriate inner product on A a  ® Vv. The space A a   ® Vv is unitarily

equivalent to the space A a ® V   so we may consider L  \    as an operator on

Aâ ®VV.

Now we make the additional assumption that the orthocomplement  a   of tt in

g is also a Lie subalgebra of g.  Such subalgebras are called Lie summands of
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g. Then an explicit formula for L\  , due to Kostant, is available; see Theorem

4.4 of [6Î.   Kostant has applied this formula in the case where   a. is the nilradical

tt of a parabolic subalgebra of  g and thereby has determined the nature of the co-

homology groups  //(tt, VA; see Theorem 5.14 of [6].

It is significant to bear in mind that the representation of & above (or of tt in

particular) is the restriction to a of a representation v of g. Suppose one consid-

ers, more generally, an arbitrary subrepresentation Va of the restriction v\a; say

that Va acts on an <X subspace Uv of Vp. Then the following question is prompt-

ed: What does the corresponding Laplacian L Q look like on the space A5 ® [/ ?

We answer this question in Theorem 3.1.12, the first result of this paper. Thus

Theorem 3.1.12 generalizes Theorem 4.4 of [6].

The  a subspace  Uv defines a quotient representation Va of a. on Vv/Uv. A

formula for the corresponding Laplacian L   a is given by Theorem 3.2.12. We also

determine the Laplacian for the contragredient to the adjoint representation of a

Lie summand on its dual; see Theorem 3.3.11.

Choose a Cartan subalgebra  rj of g such that b, = % and let A be the set of

nonzero roots of g relative to b,.  With respect to a lexicographic ordering on a

real form of b, we can choose a subset A   C A of positive roots.   Now let Tt =

^aeA+ 9a where the  %ß, ß e A, are the one dimensional root spaces of g.   n is a

Lie summand of g since, in fact,

TVL-.Ç + Tt-.Ç+   £   g_a.
asA+

The application of Theorems 3.1.12, 3.2.12, and 3.3.11 to the case   Ct= Tt pro-

vides, ultimately, an explicit description of the first degree cohomology spaces

Hl(n, tt), //'(tt, g/n), //'(tt, tt') as completely reducible  £) modules; see Theorems

5.3.12, 7.5.3, 8.7.13.   The dimensions of these spaces depend entirely on the rank

of g (=dim §).  It turns out, moreover, that H (n, g/n) and H (tt,rt) have the

same dimension.

Theorem 5.3.12, which describes the space H (tt, tt), is a result that was

first obtained by Kostant but was never published; cf. the introductory remarks in

[6, p. 3*32].  It is our great pleasure to present Professor Kostant's result in this

paper.  We also express our sincere gratitude to him for his expert advice and many

helpful suggestions which stimulated this research.

2. Laplace operators and Lie algebra cohomology.

2.1 We shall review some of the notation, terminology, and results of Kos-

tant's paper [6].

Suppose that d, 8 ate linear operators on a finite dimensional vector space  V

over any base field.   Assume that d   = 8   = 0.   Under these conditions we say

that d and 8 ate disjoint if
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ddx = 0    implies    8x = 0

and

8dx = 0   implies    dx = 0

for any x in V.

Definition 2.1.1    If d, 8 are disjoint, then the operator

(2.1.2) L = d8+8d

is called a Laplace operator (or a Laplacian).

The operators d, 8 define a direct sum decomposition of V.   More precisely

we have

Proposition 2.1.3   // d, 8 are disjoint (as above) then

(i) Ker L = Ker d n Ker 5,

(ii) Im L = Im d + Im 8,

(iii) V ■= Isa d + 1m 8 + Ker L (direct sum).

The proof, which is elementary, relies very heavily on the disjointness as-

sumption and the finite dimensionality of V; see [6]. (iii) is called a Hodge de-

composition of V.

Since d   = 0 we can form the derived space H(V, d) = Ker d/lm d.   By (i)

Ker L C Ker d.

Corollary 2.1.4   Let Y : Ker d —» //(V, ¿?) be the natural homomorphism.   Then

the restriction of Y to Ker L is an isomorphism of Ker L onto H(V, d): Ker L

~   H(V,d).

Hence H(V, d) can be computed by determining the zeroes of the Laplacian

L. This observation will be the basis for computing Lie algebra cohomology in

this work.   We shall consider the particular case where  V is a complex vector

space equipped with an inner product.   Then it is quite clear that d and its ad-

joint d    ate disjoint.   The corresponding Laplacian  L = dd   + d d (with 8 = d*)

is hermitian and the corresponding Hodge decomposition given in (iii) is an or-

thogonal direct sum decomposition.

2.2   Let g be a complex semisimple Lie algebra.  Let ( , ) denote the Killing

form on g.  Choose, once and for all, a compact real form t of g.   Let r denote

conjugation of g with respect to t :

r(x + \J-ly) = x- y-ly,       x,y£Ï.

The equation

(2.2.1) \x, y\ = -(x, ry),       x,y£<¿,

defines a complex inner product í , i on  g„  With respect to this inner product the

operators   6{x): y —» [x, y], x £ ï, y £ g, on g are skew-hermitian,,   There is a
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*-operation on  g defined by

(2.2.2) x--Tx,      x e g.

We remark that x   is written as x   in [6].   Our preference is to use the bar rather

than the star.   For all x, y in  g we have

(2.2.3) (x~7y~) = (x,y)

and

(2.2.4) [x, y] = -Ex,y].

The inner product and *-operation on g extend to the exterior algebra Ag of g.

Moreover the Killing form extends to a nondegenerate symmetric bilinear form ( , )

on Ag:

(2.2.5) (x.A... Axp, yjA ... A y¡]) = 8pq det(x., y.),

*•■ y ■ e 9- ( » )» I , ], and * are related by the equation

(2.2.6) {u,v\ = (u,v),        u,ve\$;

see [6].

Given u in Ag we define endomorphisms  e(u), t(u) of Ag by

(2.2 J) t(u)v = u A v,       (e(u)v,w)=(v,t(u)w)

fot all v, w in Ag. Thus  i(u) - e(uY is the transpose of e(u) relative to the non-

degenerate form ( , ) on Ag. f (a) is left exterior multiplication by u and i(u) is

left interior multiplication by u.  In particular if « is in g then i(u) is given by

k

(2.2.8) t(»k,A-Axa.J (-l)'+l(x.,u)xlA...Ax. A... Axk,

x. e g, where      denotes  omission.   Also  i(u) is a derivation of degree —1  for u

in g; see [6l.

We shall use the symbol 6 to denote the adjoint representation of g on Ag.

Thus 6(x) is the unique derivation of Ag of degree  0 which extends the endomor-

phism 6(x): y —> [x, y], y e g, of g, where * e g.  9 is given by the explicit for-

mula

k

(2.2.9) 0(x)y. A ••. A yk - £ yx A ••• A be, y.] A • •• A yk,      x, y. e g.
;'=1

2.3 Now suppose that v is a finite dimensional representation of g on a com-

plex vector space V'v.   Choose an inner product !  , i on Vv such that the opera-

tors v(k), k e t, ate skew-hermitian:

(2.3.1) v(k) = -v(k)*,      ket.
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This can always be done and i , ! is in fact unique up to a positive multiple when

v is irreducible.   (2.3.1) immediately implies that

(2.3.2) v(x)*=iAx)

for all x in g.

Let a be a Lie subalgebra of g and let a denote the complex dual of a.   By

Lemma 3.4 of [6] there is an algebra isomorphism 77 of A3 onto Aa .   77 is

defined by the equation

(2.3-3) r^(v)(u) = (u, v)

where a e Aa, v £ A a"; 77 preserves degrees.   The equation

(2.3.4) r^= 1
All

defines a monomorphism 77: A a —♦ Ag whose range is Aa. The inner product on

Ag restricts to an inner product on A3. Therefore, because 77 is 1-1, there is an

inner product I , i on A a' such that

(2.3.5) n: Aa' — A a

is a unitary map onto.   Then the equation

i/i ®f,./2 ®v2\ = \fx,f2\\vl, v2\,       fvf2 £ Aa', vx, v2 £ Vv

defines an inner product I , ! on Aa ® V    such that

(2.3.6) tj®1: Aa'® V„—Aä ®VV

is a unitary map onto.

2.4 Let vl  denote the restriction of v to a.  v\    is a representation of a on

Vv.   Hence we can form the cohomology groups H (a, Vv), k= 0, 1, 2,"-, with

coefficients in Vv.  We recall, briefly, how this is done; see [3L  Define

A (a, V  ) = complex vector space of k linear alternating maps

/ : a x • • • x a —» Vv-

Thus f(x., • • •, x., • • •, x., • « •, x, ) = 0 for x . = x ., i £ j, x. £ a.   If k = 0 we set

A (a, Vv) - Vv.   Elements of A (a, Vv) are called k dimensional cochains.

Define

¿= dVfk = dk: A*(o, Vv) -A*+1(a, V„)

by

W/)(xlf...,*A+1)- £   (-l),'+1v(x.)/(x1,...,x.,..»,x/fe+1)
l'=l

(2.4.1)

+  J} (-lV^/d*;»*,-!» *!•»••• >*,•»•••>*,»••• f xk + l>
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x. e a, f e Afe(a, Vv).   If k = 0, then d: Vv -» A^a, V^) is defined by

(2.4.2) (dv)(x) = v(x)y,     x e a, v e Vy.

Of course A (a, Vv) is the space of linear maps from a to Vv. d, is called the

£th dimensional coboundary operator. We have d = 0; i.e. a", yd,= 0. Setting

a*_, = 0 we define

(2.4.3) //*(a, vv) = Ker djto </fc_.,     H°(a, Vv) = Ker dQ.

Therefore H (a, V ) = {v e V |i/(x)f = 0 Vx e a} is the space of invariants of

the a module V . H (d, V ) is the familiar &th dimensional cohomology group

of a with coefficients in the a module Vv.

There is a unique vector space isomorphism y of A a' ® Vv onto A (a, y )

such that

(y(fy A • • • A fk ® v))(xj, • • • , xk) = (det /Xx .))i>

for all f.e a', x.e a,v eVv. In particular A*(a, Vv) = 0 f or k > dimca. More-

over we can consider the coboundary operator

dim a

(2.4.4) dv]r   £0rf4

as an operator on A a' ® V .  Since d   .   = 0 and since we have an inner product

on A a ® Vv (see 2.3) we can form the Laplacian

(2-4-5) L*rá4P*\¿m+«4?<4.

on A a ® V . As we have observed earlier a consequence of the Hodge decom-

position is the following ideal formula:

(2.4.6) Hk{a, Vv) = ix e AV ® VV\L^ x = 0¡.

Up to this point tt has been an arbitrary Lie subalgebra of g.   If one assumes

moreover that a is a Lz'e summand— this means that a   is also a Lie subalgebra

of g—then Ly\    can be computed rather explicitly.   The result, due to Kostant, is

Theorem 2.4.7 Suppose a is a Lie summand of g and suppose l*,,---, z   ],

iz     ,,•••, zni are orthonormal bases for a, aA respectively; m = dimca, n =

dimcg.   Then

(n ® 1)L i (r/ ® I)-1 =1  ® Cv+ Y e ® vi*)e ® v{*)
"la g[

-Yd® v(z.)6 ® v(z.)
j=7n+l
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where Cv — £•_. v(z~.)v(z.) is the Casimir operator of v and 77 ® 1   is the unitary

map of Aa' ® Vv onto A3 ® Vv given in (2.3.6).

Thus on AS ®VV L\    is expressed in terms of the adjoint representation 6

and the representation v; see Theorem 4.4 of [6].

2.5 The representation of the Lie summand a in Theorem 2.4.7 is the

restriction to a of a representation v of g.   This raises a natural question: Can

one compute the Laplacian, more generally, for an arbitrary subrepresentation of

the restriction v|a?   We shall settle this question presently.   Prior to this it is

convenient to introduce additional operators and some formulas which, incidently,

facilitate the proof of Theorem 2.4.7.

Again we suppose a is a Lie subalgebra of g and fis a finite dimensional

representation of g; a need not be a Lie summand.

Corresponding to the trivial representation of a there is the coboundary

operator on A a  which we shall denote by d.   The boundary operator d on a is

defined, uniquely, by the formula

(2.5.1) (df)(x) = -f(dx)

tor all x e Aa, / e (Aa)'.   In particular

f(dxx A---A xk) = -(df)(xx A--. Axfe)

= _ £ (-l)i+7([x., x.] A xj A ... A x. A... A x. A ... A x )
(see (2.4.1)) i<i '

- /( £ v-l)i+,+1[x., *y] A xj A ... A x. A ... A x. A... A x\

for all /in (A a)'.   Hence

dxx A ••• Axfe
(2.5.2)

= £ (-i)£+y+I[x¿, *;.j A xx A • •• A x{ A ••. A *;. A - • A xh

for x. e a.   Taking  a =  g we see that the boundary operator on a subalgebra a

of g is the restriction to a of the boundary operator on g.   Because of this we

shall denote the boundary operator on g by the same symbol d.

Ag and Ag   can be identified (as algebras in fact) by means of the Killing

form.  Then one has

(2.5.3) — dl = coboundary operator of  g.

Here we recall that the transpose is taken with respect to the Killing form on Ag;

see (2.2.5).   Following Kostant, we denote the endomorphism — d  of Ag by c.

Now suppose Uj,«.., zm\, \zm  .,*••, zn\ are orthonormal bases for a, a1
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respectively.   Then there are endomorphisms da y, da 2, da v, and c^of Ag ® Vv

(which are well defined for any subspace a of g) given by

(2.5.4) da,l=dtt®1

where

d
a

Z  \z=l     ' j=m + l f

Ja,2=Z<i*?®v(Z.),
¿=1

d*,Vmdt,l + d,,2'

cv=c ® 1 +c2,

where c. = -t^j f(5"z.) ® K*¿)l   The proof of Theorem 2.4.7 depends on establish-

ing the following formulas:

(2.5.5) bi*Ddv\(r,*l)~l=dttV

on Act ® V

(2.5.6) (r, ® l)(dv\)*(n ® l)-1 = c*v

where (2.5.5) is valid only when tt is also a Lie summand; see Lemma 4.1 and

Lemma 4.2 in [6].

Germane to the proof of Theorem 2=4.7 also is the following more general

observation.

Proposition 2.5.7 Ler übe a semisimple Lie algebra (over C)and let abe a Lie sub-

algebra of g.   Let pbe a finite dimensional A representation of don a C vector space U .

Suppose {zy,"-,z   ],{zy,'-.,z  ! are dual bases for a, a'.   Then the coboundary

operator d   on AQ, ® U    is given by

m

¿u=E (iz? ®v-iz/) + d ®i
^   1=1

where dis the coboundary on Act' (corresponding to the trivial representation of a).

See [7].   In particular

m

(2.5.8) d x  = £ e(z¡) ® v(z.) + d ® 1.
Ia    ¿=l

Proposition 2.5.9 i(u) = e(û~) for u in Ag.

See 3.9.3 in [6].
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3. The computation of Laplace operators for submodules, quotient modules,

and contragredient modules.

3.1 We retain the notation established in §2; assume a is a Lie summand

of g. Now suppose that U is a subspace of Vv which is v(a) invariant. Then

there is a representation vtt of a on (J given by

(3.1.1) va(x)= v(x)\u,      x e a.

Va is a subrepresentation of the restriction v\a.   Notice the following simple fact:

Proposition 3.1.2  U   is v(öi) invariant.

Proof. If x 6 a, u £ U, u1 £ Ux are arbitrary, then by (2.3.2)

1v(xV-,k| = \v(x)*u\u\ = \u\v(x)u\ = 0

since U is v(a) invariant.

For the record we state the following, equally simple,

Proposition 3.1.3  Let V be a finite dimensional complex inner product space.

Let T be a linear operator on V, let W be a subspace of V, and let P be the orthog-

onal projection of V onto W.   Then W is T invariant if and only if PTP = TP.

If W is T invariant then (T\wf= PT*\W.

As in 2.4 let d     denote the coboundary operator corresponding to the repre-
v

sentation v"of a on U and let

(3.1.4) L    = d   (d A* + (d A*d

be the Laplace operator defined by va (the inner product on A a ® Vv restricts

to an inner product on Aa ® U).   In this section we shall find a formula for

L     acting on the space (cohomology complex) A3 ® U.

Let P be the orthogonal projection of V  onto U.   Then 1 ® P is the orthog-

onal projection  of Aa' ® V onto Aa' ® U.   Let U,, •• -, z   \, \z     ,,•••, z  \
r     ' 1 m m +1 *    n

be orthonormal bases for a, a1 and let iz,,-.., z \ be a basis of a dual to
I'm

lzj,...,z   !.   By Proposition 2.5.7

m

(3.1.5) d     = £ ((z'.)®vl>(z.) + d® 1.
V<>        1=1 '

Hence A a' ® U is d„\    invariant and

(3.1.6) d „ = (d, )|

An ® u

Proposition 3.1.3 implies

(3.1.7) (d ar=(l ®P)tó i Y
Au ®U
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By (3.1.4) we have on Aa' ® U

Lva~dvla*p)(dv{)*+(i®P)(dvl)*dvW

= a ® p)(dvlad ®p)(dv]a)^Kw)*dvU),

since Aa ® U is d \   invariant,

= d ®p)(dv\(dvWr + (dA)*dA) + a ®pyHati ® p,(d„|B)*]

= a ® p)Lv|tt + a ® pv„|a[i ® pMv\)\

by (2.4.5).   Let

(3.1.8) E = (1 ® PV^iJl ® PMv\)*l

The "error" term E measures, somehow, the extent to which (d i )   fails to

leave A a' ® U invariant.  Conjugating by (77 ® 1), we get

(77 ® 1)L   a(r¡ ® I)"1

(3.1.9)
= (1 ® P)(t7 ® í)L^a(r¡ ® 1)_1 + (77 ® 1)£(t7 ® l)"1

where

(77 ® 1)E(t7 ® I)-1 = (1 ® PK77 ® lV„| (»? ® D_1[l ® P>(v ® l)(^|a)*0/ ® D]

= (1 ® Pya<v[l ®P,c*J

by (2.5.5) and (2.5.6).  Now
m

(3.1.10) c* = c* ® 1 + £ 1 (z.) ® v(z.)
r=l

on A3 ® V   by (2.5.4), Proposition 2.5.9 and the fact that

(3.1.11) t(a-L)a=0;

see (2.2.8).  Therefore on Ad" ® U

m

(1 ® P)datV[l ® P, c* ] = (1 ® PVfl>v ¿  t(z.) ®(P- lMz.)
¿=1

m

m     m

,=1 ¿=i

by (2.5.4),

(l ® P)£ ^i(z.)®(P-l)v(z.)
i=l

m     m

+ (l ®P)T,T £(z.)l(z.)®v(z.)(P-l)v(z.),

= yy f(z.)t(z.) ® Pv(z.)(p- iv(z.).

7=1 j=i
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Putting the pieces together, see (3.1.9), we have proved

Theorem 3.2.12  Suppose dis a Lie summand of g.   Let U be a subspace of

the g module V  such that v(a) U C U and let va be the s ubre présentât ion of v\a

defined by the dmodule U.   Then the Laplacian L     corresponding to the repre-
va

sentation va of a. on U is given by

(r¡ ® 1)L    (n ® I)"1 = (1 ® Pu)(r) ® 1)LV| (ij ® I)"1 + E

on Aä ® U where (r¡ ® 1)L i (77 ® 1)~    (the Laplacian for the representation

v|a of a, on Vv) is given by Theorem 2.4.7,

m     m

E = vy AzUz .)®puiAz.)(pu - IM?.),

/=1: = 1

{«,,•••, z   !   is an orthonormal basis of a, and P    is the orthogonal projection

of Vv onto U.

Note if U = V , in particular, then P = 1 so E = 0 and Theorem 3.1.12 reduces

to Kostant's Theorem 2.4.7.

3.2 Again we suppose that U is a subspace of V  which is v(a) invariant.

Then in addition to the subrepresentation va of a on U there is a quotient repre-

sentation Va of a on Vv/U:

(3.2.1) v\x)(v + U) = iAx)v + U

for x e a, v e V.  We shall compute the Laplacian L     corresponding to the
v

representation Va.   This time let P denote the orthogonal projection of V onto

U±.  The map

T: v + U -*Pv,      ve V,

is a well-defined vector space isomorphism of Vv/U onto U .

Proposition 3.2.2   Tv'W1 = P v(x)\  ± for all x in a.

Proof. Let x e a, ux e U1 be arbitrary.   Then uL + U e Vv/U and T(uL + U) =

Pu-1 = ax.  Hence

Tv\x)T~ 1«x = Tv\x)(uL + U) = TMx)uX + U) = Pv(x)u1.

From now on then we shall consider Va as the representation of a on U

given by Proposition 3.2.2; i.e.

(3.2.3) i/a(x) = Pv(x)l   i.

The coboundary operator d    on A a'® U   fot the representation v* is given
v

by Proposition 2.5.7:
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m

! = 1

(3.2.4)
= (1 ® P)l £ Az\) ® iAz.) + d ® lj;

i.e.

(3.2.5) d a=(l®P)(dv[ )l ...
v" vla |Aa'®t/

Now (1 ® P)¿ i   leaves Aa'® UL invariant of course so, by Proposition 3.1.3
lu

and by (3.2.5),

On the other hand we claim that (dy\ )  leaves A a' ® UL invariant.   Indeed

~m

K|a)* = Z &'i)*®v(z)+d*®l
i=l

by (2.5.8) and (2.3.2).   But z{ e aand (J1 is^ct) invariant by Proposition 3-1.2.

From (3.2.6) we deduce that

(3-2-7) V = (<V*lw
The Laplacian L     corresponding to the representation va is given on A a ® U

v
by

Lv«=rfv«(rfv-)   +K<)dv

= (1 ®p)dvl (dvl )* + (dvl )*(1 ®p)d<(3.2.8) 'a

= d ® p)wW|,wV|,)*+wV|.)%i.) + ci ® p)[wV|t)*, i ® pyv]a

= (1®P)LV|4 +E

where

(3.2.9) E= (1 ® P)[Wvi )*, 1 ® P]¿„| .

(3.2.10) (r]®l)E(ri®l)-1 = (1 ® P).(c*(l ® P) - c*Vav,

by (2.5.5) and (2.5.6),

(m m \

J] t(z .) ® PvO^P - X tUp^Pv^pJrf,,^,

by (3.1.10),
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m     m

= Z  Z 'kfM^y) ®Pv(z.)(P - lMz.),
i=l,=1

by (2.5.4).   On the other hand since

(3.2.11) e(x)t(y) + l(yMx) = (x, y)l

for x, y £ g, where 1 £ Ag, as is immediately verified, we have proved (see

(3.2.8) and (3.2.10)):

Theorem 3.2.12 Suppose a is a Lie summand of g.   Let U be a subspace of

the g module Vv such that u(o.) U C U and let Va be the quotient representation of

don V /U.   Then the Laplacian L     corresponding to the representation Va is

given by

(77 ® l)Lva(r] ® I)" l = (1 ® PV\t) ® l)L„|a(ij ® I)- l + E

on A3 ® U1 where (77 ® l)Li  (77 ® 1)"    (the Laplacian for the representation

v\a of a on Vv) is given by Theorem 2.4.7,

mm

E = ZL «<*,)«(•,) ®pV ̂ «Xl - pU*A*i>
;=1«=1

>UL„C;\<dUL+ 1®£PU V(I.)(PU   -lV(z.),

y=i

jzj, • • •, z   I is an orthonormal basis of a, and P       is the orthogonal projection

of Vv onto Ux.

3.3 In this section we shall give a formula for the Laplace operator L 0,

where 6    is the co-adjoint representation of the Lie summand a on its dual a :

(3.3.1) (8a'(x)f)(y)=-(d(xYf)(y)

for x, y £ a, / £ a , where 6 is the adjoint representation of g on g.   The inner

product on g given by (2.2.1) is such that (2.3.2) holds:

(3.3.2) 0U)* = 0(x)

for all x in g.   In the present situation the g module Vv is g itself of course with

v-e.
We know that 77 is a unitary map of a onto 3; see (2.3.5).   Hence we can

consider 0a   as a representation   rjda r¡~    of aon 3.   Let P = PB be the orthog-

onal projection  of g onto 3.

Proposition 3.3.4   ^''(x^-1 = P" 6(x)\- for all x in a.
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Proof. Let x, y, z e abe arbitrary.   Then by (2.3.3), (2.3-4), and (3 .3.1)

ida'(x)r,- Hy))U) = -(ö(x)V Hy))(z) = ~V~ 1(y)(d(x)z)

= -(d(x)z, y) = -([x, z], y) = (z, [x, y\),

by the invariance of the Killing form

= i[x, y], z] = {[x, y], Pz],

by (2.2.1), (2.2.2),

= {P[x, y], z] = (P[x, y], z) = (n- lP6(x)y)(z)

which implies that 6a (x)r)~   = r¡~  Pö(x)|-.

From now on then we shall consider 6    as the representation of a on tt

given by Proposition 3.3.4; i.e.

(3.3.5) da'(x)y=P[x,y] = P$(x)y

fot x, y e a.   By Proposition 2.5.7 the coboundary operator d ü, on A a ® ä for

the representation 6    is given by

m m

(3.3.6) d0a, = £ e(z>.) ® 0''(z.) + d ® 1 = £ í(z'.) ® P6(z.) + d ® 1;
¿=i ¿=1

i.e.

(3-3.7) de&, =(l®PWö|JAa,®5

where 0|a is, of course, the adjoint representation of a on g.   By Proposition

3.1.3

(3.3.8) <V)* = a ® P)(<V*lAa'®5-

But
rn

de\a = Z e(z'P ® &*«■) + ¿ ® 1

implies

m

u^|B)* = Zí(z'f)*®o(?f)+¿*®i,
í'=i

b   (3-3.2).   Hence (d q\  )  leaves Aa ® ä invariant (ä is a Lie subalgebra of g

by (2.2.4)).   Then (3.3.8) implies

(3.3.9) (V)* = (<V*|Aa.®¡r.

(3.3.7) and (3.3.9) imply that on Aa' ® a"
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Loa> = d„a,(d al)   + (d a,)*d „,(3.3.10) tí        tí     d de*

= (i®pVe|aWe|a)%Uöla)*(i®PVö|a.

Equation (3.3.10) is formally the same as equation (3.2.8).   Therefore by argu-

ments entirely similar to those which led to Theorem 3.2.12 we have

Theorem 3.3.11  Suppose ais a Lie summand of g.   Let 6 be the adjoint
i

representation of g on g and let 6      be the co-adjoint representation of <Xon its

dual <X .   Then the Laplacian L    , corresponding to the representation 6     is
9

given by

(77 ® l)LöB,(77 ® D" ! = (1 ® P)Lö|fl(77 ® I)" l + E

on Aâ ® 3 where (77 ® 1)IL^t  (77 ® 1)"    (the Laplacian for the adjoint represen-

tation of a. on g) is given by Theorem 2.4.7 {with v - 6),

m    m

e = L L <0?yM*f) ® p"e(z.)(i -p*)d(z.)
7=1i=i

m

+ l®XP50(i\XP5-l)0(z.),

/= 1

}zj,..., z   î is an orthonormal basis of a, and P    is the orthogonal projection

of g orzro a.

4. Restriction of the Laplacian to a weight space.

4.1 Choose a Cartan subalgebra É) of g such that

(4.1.1) ^=^.

This is easy to do as we shall see later on.  Now suppose that the Lie summand

a of g and the v(a) invariant subspace U of V   satisfy the following additional

invariance with respect to § :

(4.1.2) 0(^)aC a   and   xAfyUCU.

The assumptions in (4.1.2) are actually rather mild ones and are satisfied immedi-

ately in most practical situations.   Because of (4.1.1), (2.2.4), and (2.3.2) we

deduce from (4.1.2) that 3 and U1 are also invariant under í¡:

(4.1.3) Ö(£))äC3   and   v(É))UX C u\

Also since v(E)) leaves U and U1- invariant v(£)) commutes with the orthogonal

projections  P   , P     = 1 - P    of Vv onto U, U1, respectively:

(4.1.4) [v(H),Pu] = [v(H),PU±] = 0

for all H in £).
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Proposition 4.1.5 For every x in g, 9 ® v(x) commutes with cv.   For every

x in E>, f5® v(x)a*a(V = rfQiVÖ®v(x)or2 Att ®V„.

Proof. The first assertion is proved on p. 345 of [6].  We indicate how the

second assertion follows from the first.   Suppose x e i).   Then in particular

9® v(x)c* = c*0 ®t/(x)on Att ®VV~   By (2.5.6) we get

' 9 ® iXxXr? ® Didv\)*iv ® D" 1 = (r/ ® DV^/O? ® 1)~ l9 ® v(x)

on A a" ® V^ since Aa ® Vv is 0 ® v(x) invariant for x in b/, see (2.2.9) and

(4.1.3).   Taking the adjoint of both sides, using Proposition 3.1.3 and the fact

that T] ® 1   is unitary, we get

(>? ® lVv|t(>? ® D" 1PAÎ®V/l/t? ® i^F) = pKZ(g>Vv9 ® ̂ Xi? ® lVv|t(i? ® D" '

AÔ®V _
on Aa ® V  where P v is the orthogonal projection of Ag ® Vv onto Aa ®

V ; see (2.3.2) and (3.3.2).   But Aa ® Vv is also 9 ® v(x ) invariant since x e b,

Aä®V
by (4.1.1).   Therefore we can drop the  P in the last equation.  Applying

(2.5.5) we obtain the desired results.

By (4.1.2) and (4.1.3) we can construct three representations ß     , ß     , /S

of Í) on Aä" ® U, AS ® (71, Aä ® ä respectively.  We define

ß(l\H) = 9®v(H\-9U,

Iaï®UJ

r3«)(H) = ö®ö(//)|Air85,

(4.1.6) y8(2><//) = f9 <S»^C//)IA__, .,
IAa®U

for H in b,.

Corollary 4.1.7 // a, (/ satisfy (4.1.2), /¿en /S(1> commutes with L    , /3(2)
/,» ^

commutes with L    , and ß      commutes with L    i (see Theorems 3.1.12, 3=2.12,
v8 0

3.3.11).

Proof. By (2.4.5), (2.5.5), and (2.5.6) we have

Lv\a=da,vct + ^a,v

on Aa®vv.  By (3.1.9)

Lvt=(l®Pu)LvU + E

on Aa ® U where E = (1 ® P17)^ VU ® P17, c*].   Therefore /8(1) commutes with

H and L^i   on Aa ® U by (4.1.4) and Proposition 4.1.5.  So /S(  ' commutes with

L    .   The second and third assertions of Corollary 4.1 o7 follow similarly»
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4.2 Let  ig be a maximal abelian subalgebra of the compact real form £

which was chosen in 2.2.   Then

(4.2.1) i» = t0 + v^r e0

is a Cartan subalgebra of g such that

(4.2.2) r£) = Ç

where r is conjugation of g with respect to Ï. Let A denote the set of nonzero

roots of g with respect to É> and let £)R be the real vector space spanned by the

Ha£ i), a £ A, where

(4.2.3) (H,Ha)=a(H)

tor all H in i).   The Killing form is positive definite on §_.   By definition x =

— TX, x e a; see (2.2.2).  Hence one can deduce from (4.2„2) the equations

(4.2.4) % m %>    and    ga = g_a

where  g   is the root space corresponding to a e A; cf. (4.1.1).   Moreover H = H

for all H in t)R.   Relative to some lexicographic ordering on £)R let A+ be a

choice of positive roots and let n be a corresponding system of simple roots.

Define

(4.2.5) n= X   9a-
aeA+

n is a nilpotent subalgebra of g and, in fact, rt is the nilradical of the Borel

subalgebra

(4.2.6) &=£)+n

of g.   By (4.1.4)

(4.2.7) ïï= X   g_a
aeA+

and since (x, y) = 0 for x £ ga, y e a   with a/= - ß it follows that

(4.2.8) g=n + £)+ñ

is an orthogonal direct sum decomposition of g„   Moreover

(4.2.9) n-L = í)+ñ

so that rt is a Lie summand of g.

For each a in A we choose, once and for all, ea in ga such that

(4.2.10) (ea,?a) = l.

If 1/7-, • • •, H,\ is any orthonormal basis of i¡, then 1/7., — , H■! U {e   } is
aeA

an orthonormal basis of ft-1 and \e  | is an orthonormal basis of n.
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The Weyl group of g relative to S) will be denoted by W.   W is generated, in

fact, by the simple Weyl reflections Sa, a £ n, where S : §_ —► É)_  is defined by

(4.2.11) SJ=Ç-2(i;,a)a/(a,a),      Ce #R.

As usual we define

(4.2.12) 8 = 1 X ß.

We shall make use of the following well-known (or not so well-known) proposi-

tion.   For a proof see Corollary 8.3.8.

Proposition 4.2.13 Let ß £ A + .   Then ß £ n if and only if (28, ß) = (ß, ß).

4.3 Since v is finite dimensional v has a highest weight A £ § :

(4.3.1) tXn)V* = ÍOi

where

(4.3.2) vl = \v £ Vv | v(r7)v = X(i/V  for all H in ÇÎ

is the weight space of v corresponding to A.   The Casimir operator

n

(4.3.3) Cv = ^^>(z.)

i=l

where, as earlier, \z,, •••, z   \,\z      ,,•••, z  i are orthonormal bases for a, a-1-,
* 'l''mm+i'n '        '

respectively, is a scalar on Vv.   The scalar is given by

(4.3.4) C1VX = (A,A + 2S)1   x;

see [5].   In particular when i/" is irreducible

(4.3.5) Cvv = (A, A + 2S)v

for all uin Vv.

From now on we shall consider the important case when the Lie summand a

is taken to be the nilradical n of b; see (4.2.5), (4.2.6).  Clearly tt satisfies

(4.1.2).   There is a representation /3(  ' of § on Afï ® V„ defined by

(4.3.6) 0(O)M = 0®^Wv

for H in £); cf. (4.1.6).  Given £ e §' set

(4.3.7) (An®!/,/ = l/e Aft ®Vv\ßm(H)f = &H)f VHefy.

As expected we say that f is a weight of /3(  ' if (Añ ®V r ¡¿ ÍOi.   In this

case the multiplicity oí ¿; is the dimension of the weight space (An ®V„)  .

This terminology extends of course to any representation of §.



LAPLACE OPERATORS AND CERTAIN COHOMOLOGY GROUPS 19

Theorem 4.3.8 // v is irreducible, then the Laplacian  L  \   acts on

(Att ® Vvr    as   a   scalar,  for  any  f   in i)'.    The   value   of  the   scalar   is

V2 [(A + 8, À + 8) - (f + 8, ¿j + 8)] where X is the highest weight of v and 8 is

given by (4.2.12).

Before proceeding to the proof we remark that Theorem 4.3.8 is essentially a

version of Theorem 5.7 of [6] which gives the spectral resolution of the Laplacian.

We allow rf to be an arbitrary (complex) linear functional on £).

Proof. Let if/i-.j be any orthonormal basis of b,.   Then as we have

observed earlier {H\. , U \e J        , is an orthonormal basis of tt-Land
1 !=1 P ßelA

{eÀ is an orthonormal basis of tt.   By Theorem 2.4.7
P ße&+

2LV\   =1®CV+   Z   0 ® vieß)d ® v(eß)
ßeb+

I

- 53 9 ® v(H .)9 ® v(H.) - Z   9®v(eß)9®v(eß)
,= 1 /3eA+

on Art ®VV.  Since for each ß in A + , (eß, ë~ß) = 1 we have

(4.3.9) \fiß,eß] = Hß     (see (4.2.3)).

Therefore

9 ® v(eß)9 ® v(eß) = d ® v(eß)d ® v(eß) + [9® v(Iß), 6 ® v(eß)]

= 9 ® v(e/3)0 ® i^ëg) - 0 ® i/(H »)

implies

/

2L „i   = 1 ® Cv - 53 0 ® v(H)9 ® v(Ht) -  53    0 ® vOfy)
i=l /3eA+

= i®cv-53ßWCHjßWto.)- Z /3(0)(/V
¿=1 ,3eA+

on Att ®VV by (4.3.6).  Also since |rY.|_, and {H¿]._y ate orthonormal bases

for Í) = b, one easily checks that

/

(4.3.10) (H,H) = Y,(H,Ht)(H,H)
¿=l

for all H in É).   It follows that for an arbitrary / in (Art ®Vvr   (see (4.3.7))
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¿ 0<°>(r7.)/3<°>(f/.)/ = £ £G» ,.)&/,■)/ - £<fff, H-Kf/^, //,.)/
i = l i=l f=l

Also

(//^, wfV = (£ £)/.

L   ß(0)(Hß)f=   Z   &Hß)fJt  Z   &f = (t,28)f,
3eA+ fl£A+ \     Öe4+    '

Therefore by (4.3.5)

2L vfJ = [(A, A + 28) - (** O - (£ 28)]/ = [(A + 8, A + S) - (f + 8, £ + S)]/

which proves the theorem.

One proves  (4.3.4) by arguments very similar to those just given as a matter

of fact.

From Corollary 4.1.7 we deduce that the Laplacians  L    , L    , L     , leave
(1)      (2)      (3) v       v       6

weight spaces of the representations ß     , ß     ,ß       (see (4.1.6)) invariant.

However these Laplacians do not reduce to a scalar on a weight space because

of the complex nature of the error terms E.

5. Determination of the cohomology group H (Tt, n).

5.1 From this point on we shall assume that the representation v is the

adjoint representation 6 of g on g and that 6 is irreducible; i.e. g is simple.   Thus

Vv = g.   The highest weight (highest root) of 6 will be denoted by A.   Under the

adjoint action tt is an Tt module so one can inquire about the cohomology groups

H;(rt, n), ; > 0; see 2.4.   In particular what is the structure of H (n, n) as a

vector space over C?

Professor Kostant's results in [6] cannot be applied to answer this question

directly because n is not a g module.   However he has computed H (n, n) by

other means in an unpublished manuscript.  We shall obtain his results, indepen-

dently, by the application of Theorem 3.1.12 with a= Tt,  1/ = rt.

In principal, but not necessarily in practice, the Hodge decomposition per-

mits the determination of cohomology in any degree.   For example

(5.1.1) //'(rt, n) = \x e A'ñ ® n | L   x = 0!
0

where  L     is given by Theorem 3.1.12.   The problem is reduced therefore to

that of finding the zeroes of various Laplace operators.

By (2.4.3) and (2.4.1 ) with k = 1  one sees at the outset that

(5.1.2) hHtx, n) = . al1 áfriyations of n
inner derivations or- Tt

Thus, in particular, we shall obtain the full automorphism group of n.
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By (4.2.8) and (4.2.9)

g = it + § + ñ,      b, + tt-= n-1-,

is an orthogonal direct sum decomposition of g.  Any z in g is written uniquely

z = x + H + y where x, y 6 tt, H e b,.   Let P be the orthogonal projection of g

onto tt.   Hence  Pz = x.   By (4,1,4) P commutes with 0(6,); of course this is

trivial to check directly.

The Laplacian L  n which corresponds to the adjoint representation 0  of n

on ttis given by Theorem 3.1.12:

(5.1.3) L.n=(l®P)L9,   +E
n

on Att ® n where

E =   Z    Z   t(eß)c(e7)®P9(eß)(P-l)9(ey).
/3e A+ yea.*

Let ß      be the representation of b, on Att ® tt given by (4.1.6).  The vec-

tors {e~a ® e   | form a basis of A ñ ® tt.   Moreover for every H in §
P        r y./SeA1"

(5 1 4)  ßll)toleß9ey =0®9(H)eß®ey = [H,eß] ®ey +eß^[H, ey]

= (y- ß)(H)eß ® ey.

This means that the linear forms y - ß, y, ß e A+ are weights of jfJT    and they

represent all weights of /3(   I   j_    .  We can add that

(5.1.5) A1ñ®n= 53©(A1ñ®tt)í
í

where £ varies over the distinct weights y - ß,y,ß e A + , and if x e A tt ® tt

then x e (A'ft ®n/  if and only if

(5.1.6) x= 51 cßyeß®ey       cßyeC-

7./3eA+;7-/3=í

These observations follow immediately.

We define

(5.1.7) (A!ñ ®tt)f = lx e (A1* ®tt)f | Lö„x = 0]

for f e b/.   Because the weight spaces (A tt®tt)f are L  n invariant (L  nand

j8(1) commute) (5.1.1) and (5.1.5) imply

(5.1.8) Hl(n>n) = Z (A'tt®tt)^       (direct sum).

distinct weights <f=7-/3;7,/£A+

5.2 Lemma 5.2.1 For p, v e A*, E ê   0ev= 0 unless v- p e{0] uA~
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(where A" is the set of negative roots).   If v- p £ \0\ U A- then

EV® ev = £ eg ® [e/3, [êM, e J].
/3eA+;/3+i'_/u.eA+

Proof. By (2.2.8), i(ey)e ^ (ey, ë¿ = 8y¡l.  Therefore (5.1,3) and (2,2.7)

imply that for any p, v £ & +

EêQev=   £    £   ^K^^SP^KP-Dö^)^
/3eA+ yeA+

=   £   eß®Pet,eß)(P-l)d(ej)ev-
ßeü+

If v - p is not a root then 0(<F  )ep = [<T  , ey] = 0 —> E e~   ®ey= 0.  Assume

v — p is a root.   If v — p £ A+ then (by definition of P)

(P-1)0(5^= 0-Eê^e^O.

If J/ - /z e Î0Î U A- (where A- is the set of negative roots) then d(e~Aev £ Tf1—»

(P - l)6(e-tl)ev = 6(Jp)ev so that

Eêfl®ev=   £   ë,®Pte,,[?    eJ].
/3eA+

By arguments similar to those just given the only terms which survive in the last

sum are those for which ß-p+veA*.   The proof is therefore complete.

Proposition 5.2.2  Let v be a finite dimensional representation of Qwith

highest weight A.   Then  |A + 8\ > \¿; + 8\ for any weight £ of v such that f /= A.

For a proof see [5, p. 248].

Corollary 5.2.3 // p £ A+ and v is a root such that v — p. is a root then

|A + 8|> \8 + v-u\.

Proof. Since A is the highest root we cannot have A = v - p for p £ A + .

The proof of the next lemma, up to a point, is essentially Carder's simplified

proof of Lemma 5.12 in [6]; see [l].

Lemma 5.2.4 Let (p., v) £ A+ x A.   Then |A + 8\ > \8 + v - p\ with equality

if and only if p £ tt and V = S  A where S   is   the simple Vleyl reflection defined

by p (see 4.2.11).   Moreover if A i tt the weight S A - p, p £ n, has multiplicity

one.

Proof. If ¡i £ n then S 8 = S - p (see [5, p. 248]) so clearly v - S X —»

\8 + v - p\ = \S (X + S)| = |A + 8\.  Given if/ C A put

(5.2.5) <£ = <^ = <AnA+cA+.
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If 3»C A+ put

(5.2.6) ifr = if>t = $u -jA + n(A~$)i

where A ~ <D is the complement of $ in A.   The mapping $ —* ift^ is a 1-1 map-

ping of the family of subsets $ of A + onto the family of subsets if/ of A such that

A =t/r u — tfr   is a disjoint union.   Moreover if $C A+ then

(5.2.7) 5-<*> = -W#>

where we define

(5.2.8) <A)=Zß   fot A CA.
ßeA

In particular for 0 = {p] a single positive root p (5.2.7) simply says that

5-'-^-^- z A
\     ßetf;ß*u. )

Given p e A+and v e A

(5.2.9) 8 + v-p. = v~U{tp)

where if/ = ipi U -jß e A + |ß ¡¿ pi by (5.2.8).   If S is an arbitrary element of the

Weyl group W then by (5.2.9)

(5.2.10) S(8 + v-p)=Sv-1A(Sifj) = 8 + Sv-8-1A(Sifj).

Since A = Stfr U — Sifr is a disjoint union

(5.2.11) s<£ = <A*s

for a unique $SCA + .   In fact 3>s is given by

(5.2.12) $j=^na+.

By (5.2.7) 5  - <$s) = - K(^ 4  ) so (5.2.10) and (5.2.11) imply

(5.2.13) S(S + v-p) = 8 + Sv-(<bs).

Since A is the highest root and Sv e A, Sv = À - 2 «„ß where the «„ are
/SeA+ ^ ^

nonnegative integers.  Then (5.2.13) implies

(5.2.14) S(8 + v-p) = 8 + \- 53 n'ßß
/3eA+

where the nß ate nonnegative integers.   In particular we choose S e W such that

(5.2.15) (S(8 + v-p),ß)>0 VßeA+

(this can be done since 8 + v - p e r)R).   Hence by (5.2.14)
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|A + 8|2 = |S + v-H2 + 2 £ n'ß(S(8 + v-ii),ß) +
ßeaA

Z  rißß
ßeüA

>\8 + v-p\2,

which was to be shown.   Now suppose  |A+ 8\ - \8 + v- p\.   Then each no must

be zero so that

(5.2.16) S(8 + v-p) = X + 8

by (5.2.14).   By (5.2.13) and (5.2.16) X + 8 = 8 + Sv- ($s) or A = Si/-(<ï>s> =

^Zße^ßß-^s)-

Consequently each nß = 0and $- = 0.  But then 5V = A and (5.2.12) which implies

Sif/ n A+ = 0 which implies if/t = S~lA~

so that 0 = ^nA*= 5_1A" O A+.   On the other hand $ = [p\.   This says that

the length of S is one; see [4].   Thus we must have S = Sa, some a £ tt.   By

(5.2.16)

X + 8 = Sa8 + X-Sau = 8-a+X-Safi   or   Sau = ~a =S„a

implies p. = a; i.e. //. e it and S   v = A or v = S  X since S   = 1.   Finally if A /= p.,

/i€n-, then 5^A e A + .   Let x e (A *ñ ® n) ^       .   Then by (5.1.6)

*- £ cßyeß®e Cß   eC

But y - ß - SX - p. implies (since p £ tt) y - /3 + S = SA -ii + 8 = S(A + 8)

implies  \8 + y - ß\ = \X + 8\ so as we have just seen

y-ß=SX-ß     (with/Serr)       or      S ßX - ß = S ßX - p.

Therefore ß = p and y = S^X (by (4.2.11)) and dim(A!n ® n) ^       = 1.   Of course

(5.2.17) (A*n ®n)^X"'X = C(eß9 «s  A)    for p£ tt, X ¿ p..

5.3 If £ £ V then we shall put

(5.3.1) c(f)=M(|A + 8|2-|8+£|2).

From Theorem 4.3.8 and (5.1.3) we derive

(5.3.2)

Proposition 5.3.3  For each simple root u such that S X £ A+ we have

(A»ñ ®n)^X_M = (A1« ® n)S^"M = Cê^® ^  x-

Proof. By Lemma 5.2.4 c(S X — p.) = 0.   Therefore Corollary 5.2.3 implies

that 5 A - p is not a root.   By (5.1.6), Lemma 5.2.1, and (5.3.2) L n= 0 on

Le„=c(Ol+E    on (Añ®nr\
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(A^ttStt)^       .   Proposition 5.3.3 now follows by (5.2.17).

It is useful to observe that for x e Art ®n

(5.3.4) L  nx =0   if and only if   d^x and (d0n)*x = 0.

Also for x e A1™ ®n

(5.3.5) dQVx = 0

if and only if x is a derivation of tt where we identify Ai ®ttwith A tt'®tt

(by (2.3.6)) and A tt'®tt with the space   L(tt, tt)  of linear operators on tt.   These

remarks follow by (3.1.4), Proposition 2.1.3CO, and (2.4.1).  With these identifi-

cations

(5.3.6) eß ®x: y —» fß(y)x,   x,yen,

where {¡A        . is the basis of tt' dual to {eA
pße&+ P ßetS

Proposition 5.3.7 Let y, ß e A* such that y ¿ ß and c(y - ß) ¡í 0.   Then

(A1ít®tt)^-^=¡0|.

Proof. Take

x = Z cfi^u. ®ev>      AA !tt ® nV-ß, Cflv e C ;
p., veA+; v-n-y -ß

see (5.1.6).   By (5.3.2) L nx = 0 if and only if Ex = - c(y - ß)x.   If y - ß is
0

not in A~ then Ex = 0 by Lemma 5.2.1.   Hence L nx = 0 and c(y - ß) £ 0 imply
0

that x = 0.  Assume y - ß e A~.   By Lemma 5.2.1

Ex= Z V Z ëa®[ea,[?M, ev]].
/x, veA+; v-jx=y-ß ae&+; a+7_/3eA+

Clearly y - ß e A~, a e A + and a + y - ß e A + imply adn so (5.3.6) implies

(Ex)(e ,) = 0 V£ e n-.   Hence if L nx = 0, then c(y - ß)£Q implies x =

(_l/c(y-ß))Ex so that

(5.3.8) x(e^) = 0   S^ert.

By (5.3.4), (5.3.5) x is a derivation of tt.  Therefore x = 0 by (5.3.8).   Q.E.D.

Proposition 5.3-9 Identify A tt ®n with the space  L(tt, tt) of linear opera-

tors on tt; see (5.3.6).   Let x e (A!tt ®tt)°.   Then L  „x = 0 ¿/ ani only if x =

2 cß9(Hß), cß e C, u^ere /7g «s gwerz ¿>y (4.2.3).
ßeX       r H H H

Proof, x = 2       .c,,ë"LL®eui Co6 Ci by (5.1.6).   ForeachpeA +
/lia     H-   r        r      f*

ÊV®e^=   Z   ë/3®[e/3,[êM,e/i]]=   53    eßQ[H  ,e£
ße&+ ße&*
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by Lemma 5.2.1 and (4.3.9).   Therefore for every y in Tt (5.3.6) implies

(Eê   ®e )(y)=  £   fß(y)[Hß,eß]JHß,   £   fß(y)el = [H    y].
ßebA L      ßeä* J

Hence (Ex)(y) = 2        cJ(H)(y) \/y £ n.   By (5.3.2 )

Le„x = 0 «-> Ex = -c(0)x <-» x = (l/-c(0))Ex    since c(0) 7= 0

by (5.3.1).    Q.E.D.

Proposition 5.3.10 Choose a fixed ordering of A+ so that A + = {a , • • •, a[f

a-, ,,-•*. a î w/>ere tt = ja , • • •, a,¡.   For a. nonsimple, I + 1 < /' < p, write
/+I P ! ' 7

(.uniquely) a. = S'_,72.' a., »y'= nonnegative integer.    For I < i< I let

,(/+!)

/'//> row

(/ + l)th row

AP)

Then the matrices ÍAl.}?^, form a basis of (A1^ ®rt)g = ¡x e (\lñ ®n)°|L   x

0}.   Therefore àira(Kln ® rt)° = / = rank of g.

Proof.  By Proposition 5.3.9, x e (A!ñ ® n)° if and only if

a£A+

Hence for each ß in A +

*(C/8) =   £   ca[f/af<f;S]=  £   ca(ß,a)eßM,  £   caa)e

aeA+ aeA+ \      aeA+       /

Therefore

(5.3.11)

"(a,, /(*))

(a,, Kx))

(a?, r(x))_
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where we define r(x) = 2aeA+caa e b, .   On the other hand

"(a,, t(x))

27

53(a., t(x))Mi
¿=l

(a;, r(x))

2\ml n\l+l\a., /to)

since (a., t(x)) = 2|=1 n{p(a., t(x)) for / + 1 < / < p; see (5.3.11).    Q.E.D.

At this point we are in position to state and prove the main result of §5:

Theorem 5.3.12 (Kostant). Suppose g is simple with rank greater than one.

Let X be the unique highest root of the (irreducible) adjoint representation 9 of a

on g.   Let § be a Cartan subalgebra of a such that £) = § where conjugation on g

is defined by (2.2.2).   Let tt= S g   be the nilpotent subalgebra of a generated

by the positive root spaces.   Then the first derived cohomology space H (tt, tt)

has dimension (over C) equal to twice the rank of g and as an b, module

wHrt, n) = N°(n) + 53 Na(n)    (direct sum)

aetr

where tt is a system of simple roots and:

(i) N (tt) z's the subspace of derivations of tt of the form S ca9(Ha),

c   e C, with H   given by (4.2.3).   The derivations 9(H), where a varies over tt,

form a basis of N (tt); hence dimc N (tt) = rank of g.

(ii) N (tt), a e tt, is a one dimensional subspace of derivations of tt with

generator e~   ® e_   .where Sa is the simply Weyl reflection defined by a (see
a.

4.2.11)), and JeJ , {ë~„j are orthonormal bases of tt and tt =2 q   ¿¡
P flfA+        P ñeá+ flfi+    -P' ßeu+      P /3eA+

see (2.2.1).   Thus e~a®es  \: eß~* ^aßeS  \> (a>/3) e "■ x A + .

// the rank of g is one then //'(tt, tt) = C 0(//x).

/3êA+

Proof. When g has rank greater than one A, / tt so that S X e A+ for every p

inn.   By (5.1.8)

//1(tt,tt) = (A1tt®tt)0+ 53 (A'n ®n)Z~P    (direct sum).

distinct y-ß*0;y,ßea+

By Proposition 5.3.9, (A!tt ®tt)° = ,V0(n).   By Proposition 5.3«7, (A'tt ®tt)0y-ß-

ÍOifory, ß e A + ,y-ß£ 0 unless c(y - ß) = 0.   By Lemma 5,2U4 and (5.3.1) the

weights y - ß,y, ß e A + , for which c(y - ß) = 0 are precisely those of the form
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SX - p, p £ n, and furthermore

(A!ñ ®n)^X_/i = Cê^® eSfiX    by (5.2.17).

If the rank of g is one, tt = |Ai and Hl(n, n) = N°(n) = C6(HX).    Q.E.D.

6. Some key lemmas.

6.1   Before taking up the study of other cohomology groups we establish the

following formulas which have slight independent interest.   Again we assume

that g is simple, A is the highest root, and 28 = S ß.  We shall prove later

that (A, A+ 28)= 1. ße*

Lemma 6.1.1

G> Z   [eg, [eß, ej] =V2[(X, A+ 28)-(28, a)-(a, a)]e
ße&+ a

for every a in A .

(ii) Z [eß[eß, ea ]] = (28 - a, a)e
ßeA+;ß-aeA- a

for every a in A+ (Griffiths and Schmid; cf. Lemma 3A of [2]).

(Hi)        ße^ßMbA ^P ?a]] = H KA' k + 2S)- (25> a) - <a- °-)K

for every a in A + .

Proof.  By (4.3.3) and (4.3.5)

;

£   d(7ß)d(eß) + Ze(Hi)e(Hi)+   £   0(eß)6(eß) = (A, A + 28)1
/Ö£A+ , = i ß£& +

or by (4.3.9)
/

2  £ flêg)^) + £tXr7.)f5(ff.) + £   00/^ = (A, A + 28)1.
/3eA+ i=l /3eA+

For a in A
I /

£0(//i.)ö(//i.)ea = £a(//.)a(//.)ea = (a, a>a

,=1 i=l

by (4.3.10).  Also

£   d(Hß)ea =   £   (a, ß)ea = (a, 28)^.

/3íA+ /3eA+

Therefore

2   £   d(eß)d(eß)ea+ (a, a)ea + (a, 28)ea = (A, A + 2S)ea

/3eA+

for a in A which proves (i).   To prove (ii) we introduce structure constants N„   o
a, p
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defined by

(6.1.2) ba'e£=Na,ßea+ß    if a + ß £ A

and

Naß = °    if a + ß ç' A.

By (4.2.10) and the invariance of the Killing form we have the standard relations

i6'1-^ Ha,ß,-a = N-ß,a+ß = N-a.-ß

it a, ß,a+ ß e A.   Of course

(6.1.4) N^ = 'V

Now given a in A + , ß - a e A+ if and only if ß = a + y, y e A + .   Therefore since

2a i A +

Z [eß,[eß,a]]=       53       [ea+r,[ëa+r,ea]]
/3<îA+;/3_aeA+ 7eA+; y^o.

=        T^        N N e
t-*        "a+7t_7 "_a-7,a   a

7eA+; y^a

¿-       "_7l_a''a,yea
7£A+;7*a

by (6.1.3); hence

(6.1.5) Z [>[>«J1=      Z       NaJiN„ß     ea.

Next

Z k> t*3> eaJJ + Z k/3' t«0' eJl -   Z   k> të^, ej]
/3eA+;/3_aeA- /3eA+;/3-a/A" /3eA+

or

Z [«> [> ejl + Z k/3. [e^. eji + [ea, [ea, ej]
/3eA+;/3_aeA- /8eA+; ß-o./. tT ; ß*a.

fleA+; /3xa

Consequently

Z [e^g, [ê^.ej]^       Z      yß,[eß,ea]]-   '      53 [e^, [eß, ej\.
/3eA+;/8_aeA- /3eA+;/3*a /3eA+;/3-aeA+

On the other hand [eß, [7ß, ej] = N_ ß aNß _ß+aea so by (6.1.5) we have
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£ [eß,[eß,ea]]=       £      (N_ßtaNßi_ß+a-NatßN_ßtUi)ea
/3eA+;/3_aeA- /3eA+;/3*a

Z      (N_ßtaNßtCL_ß-NßtaN_ßta+ß)ea
ßeuk+;ß*a

by (6.1.3) and (6.1.4)

=       Z        le/3> \-ep> eJl - te/3' te/3» eJl
ßea*;ß*a

=      Z        (te/3, [ë^, ea]]-[eß, [eß, ea]], êa)ea
ßeb+;ß*a

=      Z       ([Hß,eale-a)ea=(28-a,a)ea
/3eA+; ß^a

by the Jacobi identity.   This proves (ii).   Let a£ A + .  We have

£   [eß, [eß, ëj] = £ [ë^g, [e^, ëj]

/3eA+ /3eA+;/3_aeA+

+ £ fë/3> k/3' «Jl + t?a' tea' «J]
/3eA+;/3-aeA+;/3>ia

or by (i), (ii), and (2.2.4)

M [(A, A+ 28)+ (28, a)-(a,a)]êa

£ [eß, [efi, ea]] + (28 - a, a)ea + (a, a)ea.

/3eA+;/3_aeA+

This proves (iii).

Lemma 6.1.6 Let a £ A+ and let (av ßx), •• •, (a  ,ß   ) be the set of pairs

of positive roots, ordered arbitrarily, such that a.. + ß. = cl.   Then

Z l(?a> key 8/3.1)12 = UK28' a) - (a, a)].
i=l

Proof.  [ea, e„ ] = (ë"a, [ea , eß ])eft and therefore
:      'i ¿        i

t?/3t.' ea2-l = [ea¿- e/3¿l = (ea' [«a,.. c^J)ea

(see (2.2.4)).  Hence

(6.1.7) ([ea., eß], [êß., ëa]) = \(ëa, [ea., eß})\2

tot each i.  Now write

[ea., eß] = Na.ß.ea = Na_ß.tßea,

[eß., ëa.] m N_ß.t^ea = N_ßiß._Jo. = Na,-/3/c
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by (6.1.3).  Therefore by (6.1.4) and (6.1.7)

771 77!

(6J.8) I^k,^)i2 = lv^-^-
1=1 1=1

Similarly

lea., eß] . Naua_a.ea, [ê ß., êa] = Na._a^aê^ N _aj<aëa

so that

m m

(6.1.9) Z \i*a> [%' eßP\2 = Z N-aitaN a.aJl,.-
¿=1 ¿ = 1

(6.1.8) and (6.1.9) imply that

m m m

2 Z K*a. ka,- eßP\2 = Z Nß.ta.ßN_ß     + Z Na,a^/Uf.«
j=l ¿=1 ¿=1

¿^ "y, a-y^-yta
yeA+;y -asA~

£ (êa, [ey, [ey, ea]]) = (28-a, a)
yeA+;y-aeA~

by Lemma 6.1.1 (ii).    Q.E.D.

The next lemma is trivial.

Lemma 6.1.10 For every H in b,, H = 2g6Aß(//)Hg; hence   H/2 -

Proof. Let //j = ^ßefrß(H)Hß.   Now H = He fot some unique f in i) .   For

every y in A, y(//j) = lße^(ß, U(ß, y) = (6 y) = yOO; see [5, p. 118].   Hence

Hy =H.

7. Determination of the cohomology group H (tt, g/n).

7.1  Because tt ¡s 0(tt) invariant there is a quotient representation 0  of tt on

g/n.   Identify g/rt with ttx= í) + ñ.   Then the action 0noftton   §+ttisgivenby

(7.1.1) 0"(x) = P0to|,+B,      xen,

where P = Pn   is the orthogonal projection of g onto tt1; see Proposition 3.2.2.

We shall be interested in describing the derived space H (tt, Ei + tt)

completely.

The Laplace operator L     fot the representation 0n is given by Theorem

3.2.12:

(7.1.2) L n=(l®P)Le\   +E
In
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on Añ ® (í) + tt) where

E=   £    £   e(ëiS)t(er)®P0(ër)-(l-P)0(eo)
/3eAf yeA+

(7.1.3)
+ 1 ®   £    P6(e-ß)(P - l)d(eß),       P = P"\

ßeA+

If x e Añ ® (í) + ñ) such that L    x = 0 then we shall say that x is harmonic
8

(or 0n-harmonic).

By (4.1.6) we have a representation ß      of í) on Añ ® (£) + ñ) given by

(7.1.4)        ^^^»n.-«,«,' H^-

The elements ë a ® ë-, e~a® H., where | H \ ,_x  is an orthonormal basis of f) and

a, ß £ A + , form an orthonormal basis of A ñ ® ((j + ñ).   Therefore the weights of

ß{2)\  1

(7.1.5) -<*,    and -a-/3,     a,/3eA+.

By Corollary 4.1.7 the corresponding weight spaces are  L      invariant.   Therefore

(71 6) W^n' ^ +T^ =      Z      (A!ñ,®(^ +ñ))f    (direct sum)
distinct Ç

where f is a weight - a or - a - ß, a, ß eA + , and (A 1ñ ® (£> + ñ))g  is the space

of harmonic vectors in (A n ® (i¡ + ñ))? .

7.2 The contribution to cohomology which the weights - a- ß, a, /3 £ A + ,

a+ ß 4 A + , make is easier to ascertain.   We shall therefore consider these

weights first.   If - a- ß is such a weight, with a, /3eA + ,a+/3 not a root,

then one sees immediately (because a + /3 is not a root) that the weight space

(A'tt. ® (§ + ñ))_a~'0 consists of vectors of the form

(7.2.1) x=      £       c^veß®ev,       cFeC;

/x+v=a+/3

cf. (5.1.6).

By (2.4.1) the coboundary operator d     is the linear map from L(rt, í) + ñ)

to A^ftt, £) + n) given by

(denx)(yv y2) = 0"(y1)x(y2) - 0n(y2)x(y j) - x([y,, y,])

where yj, y2 £ Tt, x e L(n, i¡ + ñ) (the space of linear operators from Tt to § + ñ).

Hence, from (7.1.1), d    x = 0; i.e. x is a cocycle, if and only if
6

(7.2.2) *([y,, y2]) = P^Myj), y2] + [y,, x(yß)

for every yj, y2 in rt.
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Proposition 7.2.3  Let p e A+.   // ë    ® ë    is a cocycle then pen.

Proof. Suppose p = Pj + P2 where Py, P2 e A+ and suppose e~   ® ë   satis-

fies (7.2.2).  Since Pj + p2  is a root [e^ ,e] = ae    where a ¡= 0, a 6 C.   Using

(5.3.6) and (7.2,2) we get

aëM = flx(eM) = P([xUMl), e^l + [e^, xCe^l) » P0 = 0

implies a = 0 which is a contradiction.    Q.E.D.

Lemma 7.2.4  Let p, v e A*.   Then

Eeß® ev = -H[(A, A + 28) - (28, u) - (v, v)]«^® »v

+ Z ëgStvt"/^^]
/3eA+; /3- veA+

0-(M+v)«{o!uA-

where E is the error term in (7.1.3).

Proof. By arguments similar to those in the proof of Lemma 5.2.1 one derives

E?   &êv—e   ® 53 [F     [e   ,F ]]
/SeA+;/3_v£A+      p       p

+ Z ë« ® [ë     [e o, ëj].
/3eA+;/3_y<fA+

/8-(/x+v)c{oJuA-

The proof is then concluded by the application of Lemma 6.1.1 (iii).

•Corollary 7.2.5 // p, v, p + v e A+ then

B*p®ëv = -V2[(A, X + 28)~ (28, „) - („, „)]?„ ® ?„■ + ë^ ® [^, [.^ ëJ]

+ Z ^»[ë , [eß, ëj]
ße**;ß-vea+

Corollary 7.2.6 // p e n, v e A+ ana" p + v is not a root, then

EV ® ëv = - y2 [(À, A + 28) - (28, v) - (v, vfà^ ® ëv.

Proof. If ßeA+3ß-veA+andß-(p+v)el0!uA~, then  ß -

(p + v) e A" since p + v is not a root.   Hence p = (ß - v) + [- (ß - (p + v))] 4 n.

Therefore

53 eß ® [ë, Uß, ëj] = 0    if p£ tt and p + v£ A+.
/3£A+;/3-veA+

^-(At+v)e¡o!uA-

Proposition 7.2.7 Le/ p e A + .   r/>erï ë   ® ?„ ¿s 9n-harmonic if and only if

pen.



34 F. L. WILLIAMS

Proof. If ê"   ® ë   is harmonic e~   ® e~   is a cocycle in particular.   There-
at        /i. ß        p.

fore ¡i £ tt by Proposition 7.2.3.  Conversely assume p £ tt.   Then because

(28, p) = (p., p) (see Proposition 4.2.13) and 2ft ^A, Corollary 7.2.6 implies

(7.2.8) Eê^ ®eß = -y2 [(A, A + S) - 2(p, p)]eß ® eß.

By Theorem 4.3.8 and (7.1.2)

(7.2.9) L„-nx = °    if and onlv if   Ex = -c(£)x for x e (Añ ® nx)^.

Of course 7ß® eß £ (A!ñ ® (9 + ñ))~2^.  Also c(- 2¿i) = Y2[(X, X + 2S)-2(p, p)],

by (5.3.1) (again using (28, p) ~ (p, u)).   Hence (7.2.8)  and   (7.2.9) show

that ë,, ® ë   is harmonic.
ß       &

We can now decide which weights of the form — a— ß, a, ß e A +, a + /3

not a root, contribute to cohomology:

Proposition 7.2.9 Let a, ß £ A+ such that a + ß is not a root.    Then

(A1ñ®(£) + ñ))~a-^ = i0i unless a+ß is of the form a + ß = 2aft, aQ e A + .   O72

the other hand

[0\ if a ¿it,
(A1ñ®(§+ñ))-2a =

Proof. Let x e (A*ñ ® (f) + n))-a~ß.  By (7.2.1)

* =     Z      WV®^'      V£C'
ß+v=a+ß

Suppose that x is harmonic.  Then in particular x satisfies (7.2.2).   Given pt,

1/ e A+ such that p.+ v=a+ßwe take y, =e  , y2 = ev in (7.2.2).   Then since

Pn   = 1 on Ê) we get

(7.2.10) *([<^, e J) = -c^//^ + c^//^.

But [e , ey] = 0 since p+ v = a + ß is not a root.   Therefore c     H   = CVUH  or

cal)v= CVUP-  If p¿v then we must have c     = cv   = 0 since /i, v are positive

roots.   Thus x is zero if a. + ß is not of the form 2y for some y e A + .   On the

other hand if a + ß = 2y, y £ A + , then the argument just given shows that

(A!ñ ® (Ç + ñ))-2y C Cëy ® ëy.

However by Proposition 7.2.7 we have equality if and only it y £ tt.    Q.E.D.

7.3 The problem of determining which weights of the form - a, a e A + ,

contribute to cohomology will now be studied.  We will show eventually that

(A!ñ ® Tt-L)"a= ioi, a £ A+, unless a has level one or two (i.e. a is simple or a

is the sum of two simple roots).
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An arbitrary element x in (A tt ®n1)~a, a e A + , has the form

(7.3.1) x=ëa®H+ Z cMvV®ëv
/j., veA+; ß+v-a.

where H e í) and c     e C.

Lemma 7.3.2  For a e A + , H e b,

Eëa® // = -y2ëa®H + a(H)ëa®Ha+ Y, ß(H)eß ® [eß, ëj
ße&+;ß-aea~

where E is the error term in (7.1.3).

Proof.  By arguments similar to those given in the proof of Lemma 5.2.1 one

derives

Eëa®H=-ëa® 53   ß(H)Hß + a(H)ea®Ha+ Z * ß ® ß(H)[eß, ëj.
ße&* ßeu+;ß-ae&-

Now apply Lemma 6.1.10.    Q.E.D.

Corollary 7.3.3  For a e tt, H e i)

Eëa® H = -lAêa®H + a(H)ëa ®Ha.

Proposition 7.3.4  // ëa ® H is a cocycle where a e A + , H e §, then unless

H = Q, necessarily a e n; cf. Proposition 7.2.3.

Proof. Suppose a= ß + y, ß,y e A+ and ë   ® H is a cocycle.  Then

[eß, e   ] = ae   where a¿ 0, a e C, since ß + y is a root.   By (7.2.2), (5.3.6),

a/7 = (ë"a ® rVJife^, ey]) = Pa±0 = 0.   Hence H = 0.

Up to this point we have not needed to observe that

(7.3.5) (A, A + 25) = 1.
0 fí

This follows immediately if one knows that trace C   = dim g (C   = Casimir

operator); see (4.3.5).   On the other hand one can compute trace  C    directly

from (4.3.3) using the root space decomposition of g, Lemma 6.1.1 (i), Lemma

6.1.10, and the formula

/

C9 = 2   53   9(eß)9(eß) + Y,9(H)9(Hi)+   53   d(Hß);
/3eA+ ¿=1 /3eA+

Q
see (4.3.3).   The result is that trace C   = 2p(A, A + 25) + / where p is the number

of positive roots and / = dim£).   But since trace C   = (A, A + 25)dim g (by

(4.3.5)) = (X, X + 28)(2p + I) we get (7.3.5).

(5.3.1) and (7.3.5) imply

(7.3.6) 2c(f) = 1 - (25, O - (£ f),     fe?.

Proposition 7.3.7   Let d € A + , H e ij _ ¡0i.   Then ëa ® H is 9n-harmonic if

and only if a e n and a(H) = 0; cf. Proposition 7.2.7.



36 F. L. WILLIAMS

Proof. Suppose ë   ® H is harmonic.   Then a e rr by Proposition 7.3.4 and

(7.3.8) Eëa®//=-c(-a)ëa®/7

by (7.2.9).   By Corollary 7.3.3 and (7.3.6) this means that

(7.3.9) -Mëa®//+a(/7)ëa®//a=-^ëa®H

(again since (28, a) = (a, a) for a £ rr); i.e. a(//) = 0.  Conversely it a £ rr and

a(f7) = 0 then ëa ® H satisfies (7.3.9) hence (7.3.8) and hence ëa ® H is har-

monic by (7.2.9).

Corollary 7.3.10 Suppose a £ rr.   Then

(AIn®(6, + n))^a=|ëa®//|//eÊ), a(//) = 0!

= ea®(hyperplane in § defined by a).

Therefore ¿imc(Kln ® (£) + ñ))~a = (rank of a)-I.

Proof. By (7.3.1), (A'rt ® (c, + ñ))"a = |ëa® //|/7 e í¡\ when a e ff.  Therefore

Corollary 7.3.10 follows from Proposition 7.3.7.

7.4 Corollary 7.3.10 describes of course the harmonic weight vectors for

weights - a where a is a simple root.  What is the situation for a nonsimple?  We

shall focus attention on this question now.

In (7.3.1) let

(7.4.1) 2= Z cß^ß®ev,      e    eC,
ß, ve A*; ß+v-a

so that we have

(7.4.2) x=ëa®//+z.

If  P", P* are the orthogonal projections of g onto ñ, 1) respectively then

(7.4.3) Pn± = P' + P"

by (4.2.9).   Using (5.3.6), (7.4.2), (7.4.3), and (7.2.2), it follows easily that x is

a cocycle if and only if

(7.4.4) 4[y,,y2]) =P"(U(y,),y2] + [y1,z(y2)])

and

fa([yv y2])H = PH[z(yx),y2] + [yv z(y2)])

for every yx, y2 in n.

Lemma 7.4.5  Suppose a £ A+ such that a= a . + ß. + ß   where a     ß ,

ß2, aQ + ßx, ßx + ß2 e A+ but aQ + /32  is not a root.   Suppose that z given by

(7.4.1) satisfies (7.4.4).   Then ca^ +^ = - c^ ^^

Proof.  Let ß = /3j + ß2 £ A + .   Then [e« , «?g ] = (ëg, [eg , e„ ])eg implies
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*feßl, eß2]) = (eß, [eßi, eß2])cßa(eao.

Indeed

(7.4.6) z(eß)= 53 cßAffv=cßafa0-
fj., veA+; /x+i/=a=a0+/3

Similarly since a0 + ß    is not a root z(e^ ) = 0 while et   + ß. e A + implies

(7-4-7) z{eß2) = cß2*o+ßf«o*ßi-      ,

By (7.4.4) we have then

G> \-eßV eß^cßa^a0 = P^bßy, Cßtao+ßfao+ßJ)

(7.4.8) _
-c/32a0+/31le/ö,'i?a0+/31J-

On the other hand  [e    , eR ] = 0 since a   + ß    is not a root.  Therefore
a0     p2

z([e„  ,en ]) = 0.  Also z(en ) = c     „?, so that by (7.4.4) and (7.4.7) again we
a0     p2 0 0P   p

derive

0 = pR(tca0/3> e^] + [eao, Cß2ao+ßiea^ßi})

ca0/ßß> e/32] ="c>32a0+/S1[ea0' %+&!

ca0ßießy> &ß, eß2])=-Cß2a^ßließl, [eaQ, ê,^^])

or

(7.4.9) Ca0/S(> fe^, %D =cß2a0+ßliea0, lea0+ßl> eßy^

by the invariance of the Killing form.   But by (7.4.8)

(7.4.10) cßa\eß, [eßi, e^]) = c^^e^, [eßv e^^l).

Since ßy + ß2  is a root  [e„ , e    ] / 0 so (eg, [e„ , e- ]) ;= 0.   Therefore the

lemma follows from (7.4.9) and (7.4.10).

Lemma 7.4.11 Suppose ae A + such that a= aQ + ßQ where aQ e tt, ßQ e A + .

Suppose that x given by (7.4,2) (or (7.3.1)) is harmonic.   Then (25, ß0)ca   ß   =

(CV a°)c/w

Proof. By (7.2.9) x is harmonic if and only if Ex = - c(- a)x.   By (5.3.1) and

(7.3.5)

(7.4.12) ctf) - XII-(#,£)-<£ 0]

for every f in § .   By Corollary 7.2.5 and Lemma 7.3.2

or

or
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Ex=-%ëa®H+a(H)ëaQHa+ Z ß(H)eß ®[eß,ea]
/3eA+;/3_aeA-

Z ^vMtl - (28, v) - (v, V)]ê^ ® êv
ß, veA+; ß+v=a

(7.4.13) ■ + y g-       0 x-    r - in

ß, veA+;/i+v=a

+ Z Z ^„ëg ® tv te/3> evW'
/i, veA+; ft+v=a /6eA+; /3_ i/eA+

ß-cteA-

Keeping in mind that a   e 77 we get

(7.4.14) (Ex)(eao) = a0(H)[eaQ, ëj - Mc^tl - (28, ß0) - (ßQ, ß0)]eßQ.

On the other hand

(7.4.15) (-c(-o)x)(eao) =-Htl + (28, a) - (a, a)]caoßQeßQ.

Since  [e„ , ë „] = ([e    , ë ], ert )e„ , (7.4.14) and (7.4.15) imply (for x harmonic)
ao ao po   po

a0^^a0. êa], eß) - Vic    ß [1 - (28, ßQ) - (ßQ, ßQ)]

(7.4.16)
= -Mcao/S()[l+(2S,a)-(a, a)].

Now take y, = e    , y   = e„   in (7.4.4).  The result is that
i       a0     ¿      P0

(7.4.17) (êa, Uao, eßQ])H = -caoßQHßo + Cß^H^.

Hence

(7.4.18) (ëa, kao, e^])a0(//) = -caoßo(a-0, ß0) + */30a0(a°* ao>-

Since ([e    , ë ], efí ) = - (ë , [e    , efí ]), (7.4.16) and (7.4.18) imply that
ao po 0   po

Ca0/30(a0' ¿V - rS0a0(ao>ao) ~ Kc^tl ~ (2«, 0O> " (£„. M

= -Mcao/3otl + (2S,a)-(a,a)],

Using the fact that a= afí + ßQ and (28, aQ) = (aQ, aQ) (for aQ £ 77) we get the

desired results.

We can now prove the following important

Proposition 7.4.19 Suppose a £ A+ such that a= aQ + ßx + ß   where a   £ 77,

ßx,  ß2,  aQ + ß  ,  ßx + ß2  £ A+ but  aQ + ß2   is   not  a  root.   Then

(A1ñ®(^ + ñ))-a=So!.

Proof. Let x = ëa ®H + z e (A!ñ ® (É) + ñ))~awhere z is given by (7.4.1).

Since x is a cocycle in particular z satisfies (7.4.4).   Let ß - ßx+ ß2 £ A + .
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Then by, Lemma 7.4.5, ca  ß = - cßa   and, by Lemma 7.4.11, (25, ß)ca   ß =

(aQ, a.Q)cßa .  That is (28,ß)ca  ß = - (aQ, aQ)ca ß implies ca   ß= 0; otherwise

(25, ß) = - (ctg, aQ) < 0 is a contradiction; one knows that (25, ß) > 0 for every

ß in A + .   By (7.4.17) then H = 0 so that x = z.   On the other hand noting that the

derivation of (7.4.17) was independent of the simplicity of aQ we have (by

(7.4.17))

0 = ~CflV^V + CVpü\L

for p,v e A+ such that p + v = a or c     v = ep.   But v A p; otherwise 2p =

a e A.  Therefore c     = c     = 0 for p + v = a; or z = 0.    Q.E.D.

A simple Lie algebra g will be said to be simply laced if all its roots have

the same length.  Such Lie algebras are precisely the following: A; (/> 1),

D, (/> 4), E , E , and E .   The nonsimply laced g are therefore B, (/> 2),

Cz (/>3), G2, andF4.

Scholium 7.4.20 Suppose a is nonsimply laced.   Let a e A+ be of level > 3

(i.e. ai n and a is not the sum of two simple roots).   Then a = aQ + ß, + ß.

where aQ e n, ßy, ß2,aQ + ßl,ßl+ ß2 e A+ but aQ + ß2  is not a root.

Is the scholium true for all simply laced g as well?  Maybe it is.  We shall

not need it for such g so we have not bothered to check all cases.

The proof is empirical.  As an illustration we shall consider the case g =

B,.  Let n = {a   • • • f a,].  Then A+ = {a,., co. ± a.! where 1 <«'</'< / and

<Ui = a7 + l+a«+2 + ---+a/ + ai'

a. + co. = a.,, + •••+a. + 2a. , + ... + 2a, + 2a,.

Moreover

level cù . = I - i + 1,

level a . — co. = j — i,
i       ]    '      '

level &). + &>. = 21 - i - i + 2.

We can write w. = a.     + (a.     + ... + a.) + a, where a. . + •-• + a,= co. ,-
j        :+l z+2 r        1 z+2 / :+l

co¡ e A+ for i + 1 < / which is the case when the level of a>. > 3«  Also a. } +

(a; 2 + • « • + a/), (a. 2 + • • • + a.) + a   e A + but a. j + a   is not a root. Next

consider the roots a. - a>..   The level of tô.- co. (= j - i) is greater than or equal

to 3 if and only if i + 3 < /'.  First assume i + 3 < /.  Then a. 2 + • • • + a.   ,eA +

and we can write co ■ - a. = a. . + (a      + • • • + a.   , ) + a. where a.     +
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(a. ,+ ••• +a.    ), (a.     +..« + a.    )+a. e A+but a. . + a. is not a root.   On

the other hand if i + 3 = j then <u.- <u. = a. ,+a. , + a.     where a.     + a.
' i ;        z+1        1+2        1+3 i+l        z+2'

a. , + a.     e A+ but a. , + a       is not a root.  Finally we consider the roots
1+2       j+3 i+l        1+3 '

(Û. + CO..   These have level > 3 if and only if i< 2/ — 1 - /.   First assume /' < /.

Then a. , + 2a.     + • • • + 2a, + 2a   e A+ and we can write
7+1 7+2 / 1

ai + "j = a,+ l + (a!+i + • • • + a.) + (a.+ 1 + 2a.+2 + ... + 2a; + 2a,)

where a. , + (a.     + ... + a.), (a.    + ...+ a.)+ (a. , + 2a.     + ... + 2a, + 2a.) e
7+1 1+1 7 i+l 7 7+1 7 + 2 / 1

A+ but a. , + (a.     + 2a. . + • • • + 2a, + 2a, ) ¡s not a root.   If /' = /, then
7+17+1 7+2 / 1 '

i < 21 - 1 - j implies i < I.  Write

<o. + a. = a, + (a   j + ... + ap + at

where a   + (a.     + • • • + a.) £ A+ but 2a   is not a root.  The case  g = C. is

handled in an entirely similar manner.  We leave this case and the case g = F.

to the reader.   Of course the case  g = G2 is trivial.

By virtue of Proposition 7.4.19 we have

Corollary 7.4.21 Suppose g is of type B¡ G>2), C, (l>3), G2 or F4.   Then

if a £ A+ has level>3, (A!ñ ® (Í) + ñ))~a = {0|.

We shall prove that Corollary 7.4.21 is valid for all simply laced g also.

This would follow if the above scholium were extended to such g.   However we

shall proceed in an independent direction.

By (2.5.6), (3.1.10), and the fact that c  - d we have

(7.4.22) W    )* = d 0, +  z    A      9
ßeA+ P

on Añ ® g.   Moreover 0A  g = 0 so that

(7.4.23) (¿e\)*ëa ® H = 1 ® tëa, Hl      Wfl|B)*ëM ®êv=l® [ëß, êj

fot a, ¡i, v £ A +, H £ Ê).  Therefore (3.2.7) and (7.3.1) imply that

(7.4.24) (d&n)*x = 0

if and only if

a(H)ëa+ Z V[V *"] = °-
^i, v£A+;/i+i'=a

Proposition 7.4.25 Suppose g ¿s simply laced (i.e. g ¿s 0/ íype A. (/> 1),

D; (/> 4), E6, E7 or E8) and a £ à* has level > 3.   Then (A !ñ ® (c, + Tl))* = {0!.

Proof. Let (i,i/eA+ such that u + v = &.   Then because all roots have the

same length we have (a, a) = (p., p) + 2(71, v) + (v, v) = 2(p, v) + 2(a, a) or
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(7.4.26) (p, v) = (a, a)/- 2.

Suppose that x given by (7.3.1) is harmonic.  Recall that the derivation of (7.4.17)

did not depend on the simplicity of aQ.  Therefore by (7.4.17), (7.4.26), and the

fact that all roots have the same length

(7.4.27) a(H)(ëa, [6fl, ej) = -c^a, v) + cVfjfl, p) = (cVft - CfiV)(a, a)/2

for p, v e A+ such that p + v = a.   Let {(p., v.)]m_y be the set of pairs of positive

roots, arbitrarily ordered, for which p{ + v. = a.   Then by (7.4.24)

m

í=l

or
777

0 = a(H) + 53 (c        -c      .)(e0, [ë„., ë^J)
i=l

-««♦g§£ »..»., »«w»
by (7.4.27).   Hence a(/7) = 0 and by (7.4.27) we have

(7.4.28) ePvnmey*e    l <«<«•

We claim that c       = 0 if p¿ e 77 and v. e A+- 77.   Indeed, by Lemma 7.4.11 and

(7.4.28), (25, v{)c       = (p , p )c„      = (f., »>.)c       so (25,1/ ) = O , v,.) if

c   v /= 0.   But then v. e 77 by Proposition 4.2.13,  Now if a has level > 3, then

we write

'« 771

x = ëa® h + 53 c^.veH® êv. + 53 cv<^V| ® ëM.
1= 1 z= 1

= ea®//+        £    .   «V/>i®S +        53        c^    ® ?

+ Z 'n*?»9***    z    ^»^

+    Z    cv„f*,•**+    ZvcWs®%,
vifn-,ßien vtfTixmfn

= ëa®//+     53     c/i.v.ëM.®ë,.+     53     cv^v%lH.

Hence x(e   ) = 0 for every y e 77.   Therefore x = 0 by (7.2.2).    Q.E.D.

Corollary 7.4.21 and Proposition 7.4.25 imply

Corollary 7.4.29 (A'ñ ® (í> + n))"a = |0¡ i/ a 6 A+ has level > 3.
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7.5 The harmonic weight vectors defined by positive roots of level two are

described by

Proposition 7.5.1 Suppose a £ A+ such that a = a. + a    a , a   £ n.  Then

(A Tt ® (I) + n))~   is one dimensional and is spanned by the harmonic vector

ëa Aa7' a?) \    - (a->> a7>
—-T®[ \ Ha   - H    ] + e     ® e     + -l—L- e     ® e    .
(eJeai'ea2^    \(apa2)      1 y 1 2     (a,,ai)      2 1

Proof. Suppose x £ (A*ñ ® (£> + ñ))~a.   By (7.3.1)

x = ëa® H + ûëai ® ëaz + bëa2 ® ëaj

where H £ f), a, b £ C.  By Lemma 7.4.11 we must have (28, a2)a = (a    a )b or

(7.5.2) b = ((a2, a2)/(a1, aA)a

since a}) a^ £ tt.  (7.4.17)and (7.5.2) imply

H /(a2* a2^   „      _„    \

fc..fc.r«.2]>ta*i> ai" av

This shows that (A*ñ ® (I) + ñ))"a C Cx   where

(ea> t«a!' e<x2^

/(a   a ) \    _        _       (a   a ) _

\4Í) ^"^J^l®^ (a^T)^0^-

The proof is therefore reduced to showing that xa is indeed harmonic.   By Lemma

7.3.2, Corollary 7.2.5, and (7.3.5)

-e
Fx-

"~2te,,[«
K_«/VW«      „ \

\(a,, a,) /("«. K,.

-^(°-°-)-(°-^g..[..,..;l)

V^a,)    2     » / (ea, [eai,ea2])

- HM - 2(a2, a2)]ëai ® ëa2 + êa®[ëai, [ea, ë^]]

+ pL^A (_Htl - 2(ap ftl)]ë    ® ë     + ëa® [ë   , [ea, ë   ]]).
ItX, , (X, )

e„\)

(av ax)
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Now [e^, ëj» (eaj [e^, ëJW^ = &a,{e^, e^])^.  Similarly

[ea2> Fa) = iFa> [eay> *'a^'a^   Œ course  Ha" ^ + "a^  Therefore

Exa= [-V: + (a,, a2)] iëaj ® e^ + _- e^ ® e^j

1 ëa /(a2, a2) \

-ëa®(ea, [ëai,ëa2])Hai-ea®Ua, Pai, ea2]) j^jV

By Lemma 6.1.6 we have

(since a , a   e ,7).   Therefore

Exa= [-H + (av a2)]hai ® ëai + ̂ 3. ëa2 ® ëaJ

(ë„, [■a'

+
e„ /(an, a.,) \

(a1; a2) _—-5-tT®!-^- H«. - «J

- [-M + (ap a2)]xa= -c(-a)xa

by (7.3.6).   Hence xa is harmonic; (see (7.2.9)).    Q.E.D.

By (7.1.6)

H1(n,a/n)= 53 (A!ñ ®nA-)%    (direct sum)
distinct weights S

where f = -a or -a- ß, a, ß e A + ,  Therefore by Proposition 7.2.9, Corollary

7.3.IO, Corollary 7.4.29, and Proposition 7.5.1 we can now state the main result

of §7:

Theorem 7.5.3 Suppose g is simple with rank I.   Let § be a Cartan subalgebra

of g such that b, = b, where conjugation on g is defined by (2.2.2).   Let n =

S g   be the nilpotent subalgebra of g generated by the positive root spaces.
aeA+  a

Then the first derived cohomology space H (tt, g/n) has dimension I   +1-1

(over C) and as an § module
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//V g/n) = £  Cea®ëa+  £  rf + £ Cxa    (direct sum)

aerr clett a£A+
a-sum of two simple roots

where tt is a system of simple roots and

(i) 6)a=!ëa®/7|a(//) = 0, H£ty

(= hyperplane defined by a £ tt) has dimension I — 1

ëa Aa    a ) \ (a    a) _

00 **= 5Tï^i>efet '•. - "•>)+ *•> ® *«>+ (tí) •■'• •-
Tí/Aere a= a   + a     a    a   e 77, a e A + , and where  Hg, ß £ A + , is given by

(4.2.3).  As in Theorem 5.3.12 \eA        , , \ë„\ are orthonormal bases of' n
^/3£A+        P /3eA-

an¿ rt= 2       J   n (see (2.2.1)).
/3eA+   -P

From the remarks immediately preceding the statement of Theorem 7.5.3, it

suffices only to verify that dim H (rt, g/rt)= /   + /- 1.  For this we observe

Proposition 7.5.4 // g ¿5 simple with rank I then the number of positive roots

of level two (i.e. positive roots that are the sum of two simple roots) is I — I.

Proposition 7.5.4 follows by inspection.   Hence

dim Hl(n, g/n) = / + /(/ - 1) + / - 1 = I2 + I - 1.

8. Determination of the cohomology group H (n, n').

8.1  In the final portion of this paper we shall discuss cohomology defined by

the co-adjoint representation of n on its dual n .   This representation is denoted

by 0n where 0 is the adjoint representation of g on g.   Recalling that there is a

unitary map r/ of n  onto ñ we shall regard 0"   as a representation of n on ñ.   Then

by Proposition 3-3.4

(8.1.1) 0n'(x) = Piï0(x)|s,      xen,

where  Pn is the orthogonal projection of g onto n.   The Laplace operator L  n,

n' • ^
corresponding to 0    is given by Theorem 3.3.11:

(8.1.2) Lon, =(l®P5)Le|n + E

on Añ ®ñ where

E=   Z     Z    f(ê/gMer)®Pît0(ër)(l-Pïï)0(e/g)
ßeA* yeA+

(8.1.3)
+ 1 ®  £    Pn0(e/3)(Pn - l)6(eß).

/3eA+
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Analogous to (7.1.6) we have

(8.1.4) //Hn, ñ)=      £      (A!ñ®ñ)f     (direct sum)
distinct Ç

where f is a weight -a- ß, a, ß £ A+, of the £i-module A!ñ ® ñ and

(Xlñ®ñf0 = jx £ (A'ñ®ñ)^|L  n,x = O! = space of 0n'-harmonics.  As in the
6

case of H (tt, g/n) we must examine which weights contribute to cohomology.

One verifies immediately (using (8.1.1)) that x £ L(n, ñ) (the space of linear

maps from n to ñ) is a cocycle if and only if

(8.1.5) x([y j, y A) = P"([x(y A, y2] + [y v x(y2)])

tot every y,, y2 in n; cf. (7.2.2).

8.2 Lemma 8.2.1  Let p, v £ A +.   Then

EëfX®ëv = - MX, A + 28) - (28, v) + (v, vfie^®ëv

+ (p, v)êv ® ë^ +        £ eß ® [ë , [eß, ëj\
ßeA+;ß-veA+

ß-(ß+v)eA~

where E is the error term in (8.1.3); (cf. Lemma 7.2.4).

Proof. A direct (but uninspiring) calculation gives

EètL®êv = -(v,v)êfi®êv+(p,v)ëvQe"li

Z eß®[eß,[eß,e1)]+ £ eß®[eß,[eß,ev]]..
ßeA*;ß-veA+ ßeA+;ß-veA+

/3-(M+v)eA-

Now apply Lemma 6.1.1 (iii).    Q.E.D.

Corollary 8.2.2 // p £ tt, v £ A + , then

Eeß®ev = -V:[l- (28, v) + (v, v)\ë^ ®ë„ + (p, v)ëv ®ë ^

(see (7.3.5)).

Corollary 8.2.3 If u,v £ n, then

Eeß ® «v = - Vieß ®ëv + (p, v)ëv ® ëM<

Corollary 8.2.4 For every p £ tt, e~ß®e~ß is 0" -harmonic.

Proof. Just as in (7.2.9) we have

L   „'x =0 if and only if

(8.2.5) 9
Ex = -c(£)x    for x e (Añ ®ñ)^
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where E is given by (8.1.3).   By (7.4,12) c(-2p) = lA [l - 2(p, p)] for p e tt.   Hence

Eë  ® ë  = -c(-2p)ë    ® ë   by Corollary 8,2,3,

In an entirely similar manner we obtain

Corollary 8,2.6 For every p,v e tt, ë  ® "e~v + e~v ® ë   is 0n -harmonic.

Corollary 8.2.7 If p,ve n such that (p, v) - 0, then ë  ® ë„ is 0n -harmonic.

If a, ß e A* then the general element x in (A'ñ ® ñ)~a-10 has the form

(8.2.8) X= A+Z c^^l^,       c^eC.

Lemma 8.2-9 Suppose x given by (8,2,8) is harmónico   If p e 77, v e A+ s«c£

that p + v = a+ ß ¿/>e?2 [-(25, f) + (1^, v) + (p, v)]c      = (p, v)c     ; cf. Lemma

7.4.11.   /t2 particular if v e n also then (p, v)c      = (p, f)c     .

Proof, By Lemma 8,2.1

Ex = - V2 53 Cfiv[ 1 - (25, v) + (v, v)]eß ® ëv
P,vea+;ß+v=a+ß

+ Z cliv(p,v)ëv®ë/i
fj., V€A+;^+v=a+/3

+ Z Z ë   ®[ë, [e      ë]].
/t4,veA+;/x+7y=a+Jß /3eA+;/3_ veA+   p *      p

/3_(/i+v)eA-

Therefore if pQ e 77, i/Q e A+ such that p0 + vQ = a + ß, then

(Ex)(e/i) = - Mc^ri - (25, t/0) + (v0, v0)]êVQ + c V()Mo(p0, v0)ëvo.

On the other hand

xiep.Q> = cPavaevQ

and

c(-a- ß) = c(-p0 - u0) = M[l + (25, v0) - 2(p0, vQ) - (vQ, „„)]

by (7.4.12).   By (8.2.5) (Ex)(e    ) = -c(-un - vAx(e    ).  Hence the lemma

follows.

8.3 In the derivation of Theorem 7.5.3 crucial use of (7.4,17) was made.

The continued study of H (tt, tt) requires a similar relation,   (7.4.17) is a direct

consequence of the cocycle condition (7.4.4) (or (7.2.2)) of course.   However if

one applies the cocycle condition (8.1.5), proceeding in an analogous manner,

one obtains the embarrassing result: 0=0.   The reason is that Pn annihilates §.

We shall indicate how this difficulty can be circumvented by bringing in a know-
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ledge of the cohomology group H (tt, É>) where £) is considered as a trivial tt

module.

If v is the trivial representation of g on V^then by Theorem 2.4.7 the

Laplacian Lv,   on Att ® vv is given by
In

/

(8.3.1) 2L i   =-Y,9(Hi)9(Hj) ®1-  Z   ft»*)91-
, = 1 aeA+

The representation ß° of b, on Att ® Vv is given by ß°(H) = 9(H) ® 1, H e £>; see

(4.3.6).  If rf e Vthen

(8.3.2) Lv|n=-M[(£a+(£2S)1

on (Att ®VV)^; cf. Theorem 4.3.8.   ß° and L clearly commute since § is abelian.

It is easy to see that

(8.3.3) A2*®^= Z (A2tt®Vj-al-a2    (direct sum)

a1>a2eA+; aj<a2

—a.  —a.

where x e (A rt ®VV)    1     2 if and only if

*= Z cnvießAe)®v,      veV   .
(8.3.4) /3,yeA+;/3<y   ßy   ß      J

/3+y=ai+a2

Since the weight spaces are  L .    invariant (because ß   and L ,   commute)
In ln

H2(n,V1)= Z (A2tt®V,rai-a2

(8.3.5) a1,a2eA+;ai<a2

(a1+a2la1+a2)=(a1 + c^,2S)

by (8.3.2).  Also because  L  .   is positive definite (8.3.2) implies
In

Proposition 8.3.6 For a-y, a2 e A*, aj ^ a2,

(ax + a2, aj + Oj) < (ax + a2, 25).

Proposition 8.3.7 // a^ a2 e A+ such that (ax +a2,^y + &2) = faj + a-2, 25)

then a  + a   is not a root.

Proof. We may assume of course that a  /= a , say a   < a .   Let v e V , v 7= 0

be arbitrary.   By (8.3.5) (ê\    A ë    )®f is harmonic.   In particular 0 =

cvii7a  A ëa )®v) by (2.5.6).   However c* = c*®l = d®l by (2.5.4)since

c2 = 0.  Therefore by (2.5.1)

Q = ̂ ay>'ëa}®v   implies   «Më^ëJ

implies a} + a   is not a root.
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We can now prove Proposition 4.2.13:

Corollary 8.3.8 Let ß £ A + .   Then ß £ tt if and only if (28, /3)= (ß, ß).

Proof. If ß £ rr then (28, ß) = (ß, ß).  This is easy to check; see proof of

Lemma 2, [5, p. 248].  A denial of the converse would be a denial of Proposition

8.3.7.    Q.E.D.

8.4 Consider the short exact sequence of n modules:

0—*i) —. É) + ñ->ñ-*0.

This sequence gives rise to a long exact sequence of cohomology groups.  A

portion of the latter sequence is

-. ffHn, £i + ñ) — //Kn, ñ) — //2(rt, E)) — H\n, §+n) -»•••.

For later applications it is useful to display the "connecting" Bockstein homo-

morphism //'(n, ñ) —* H2(n, £)) explicitly.  The orthogonal projection P= Pi/n

oí i) + ñ onto ñ induces a homomorphism  P: //'(n, § + ñ) —» //'(n, ñ).  Oh the cocycle

level P is given by

(8.4.1) (px)(y) = Px(y)

where x e L(n, § + ñ) satisfies (7.2.2) and yen.

The basis for constructing the connecting homomorphism of  H (n, n) into

// (n, §) is given by

Lemma 8.4.2 Let <u = P' èe r/ie orthogonal projection of g onro r^.   Given

x £ L(n, ñ) í/e/i77e <ux £ A2(n, §) (see §2.4) by

(8.4.3) (<u*)(y j, y2) = a([x(yx), y2l + [y,, x(y2)])

where yx, y   en.   //x is a 1-cocycle, i.e. x satisfies (8.1.5), then a>x is a 2-

cocycle; i.e. for every y,, y,, y, £ n

(8.4.4) (cox)([y j, y2], y3) = (o)x)([y j, y}], y 2) - (cux)([y2, y A\, y A;

(see (2.4.1)).

Proof. First we observe that

(8.4.5) a>[P*z, y] m (o[z, y]

for z £ g, y e n.  By (8.1.5), (8.4.3)
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-(a>x)([yv y2], y A + (ù)x)([y p y A[, y 2) - (cox)([y2, y A\, y A

= -<ú{[x{[y ,, y2]), y3] + [[y ,, y2l, x(y ?)])

+ û)(tx([yj, y?]), y2] + [[yr y3], x(y2)])

-w([x(ty2, y3l), yt] + [[y2, y   ], x(yj)])

= -cu([Pff([x(y,), y2] + [yv x(y2)]), y}l) - 4[yr y2l, x(y3)]

+ 0)([Piî([x(y1), y3l +[yj, x(y3)l), y 2D + (o[[y v y}], x(y ß

-w([p"([x(y2), y3] + [y2, x(y})]), y^) - co[[y 2, y$], x(y j)l

= -<y[[x(yj), y2], y3] -<u[[y,, x(yA], y^ - <u[[yls y2], x(y?)]

+ oj[tx(yj), y3l, y2] +&)[typ x(y3)l, y2] + &)[[y j, y}], x(y2)l

-<p[[x(y2), y3l»yj]- <*[[y2, x(yA], y^-cù[[y2, y3l, x(yj)]    (by (8.4.5))

= 0

by three applications of the Jacobi identity, for every y,, y2, y, £ n.    Q.E.D.

It is also true that eux is a coboundary if x is a coboundary.   Therefore a>

defines a homomorphism a>: Hl(n, ñ) —» //2(n, §).  Moreover

r/^n.^ + ñ) -^Hl(n, ñ)^//2(n, §)

is exact.  Now in view of Corollary 2.1.4 (a consequence of the Hodge decomposi-

tion) every cocycle is cohomologous to a unique harmonic cocycle.   Thus ax, tot

x a 1-cocycle, differs from a unique 0n -harmonic by a coboundary 8.f , f   £

L(n, 6,).   By (2.4.1)

(8.4.6) (81fx)(yvy2)=-fx([yvy2\)

for y., y. in n.   Hence for a unique x   in // (n, §)

(8.4.7) U>x)(y v y2) = -/x(ty p y2D + xQ(y x A y2)

for every y., y   in n.   On the other hand by (8.3.4) and (8.3.5) we   can write

*0= Z
(8.4.8) a1,a2eA+;al<a2

|a1+a2|2=(a,+a2,2S)

where

x«u«2= Z+        rfAy^Aëy)«|f
(8.4.9) /S,reA+

/3+y=a1+a2;/3<y

with Ha  a   £Í).  Now let aQ, ßQ £ A+ and   suppose  the  cocycle   xe
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(AXtt ® tt)"   °~   ° so that by (8.2.8)

(8.4.10) * = .   £ „   <WV®¥V
/i,veA"*';jtt+i'sa0+/8o

Given p,ve A + such that p + v = aQ + ß0 take y} = e , y2 = ey in (8.4.7).  Then

using (8.4.3) we get

(8.4.11) -£V/* + cvA = -/*(tV eJ)+xoießAev)>

ct. (7.4.17).   This is the relation we desire with regard to the remarks made at the

beginning of §8.3.

Lemma 8.4.12 Suppose p,v,p+veA + .   Then xQ(e   A ev) = 0 for xQ given

by (8.4.8).

Proof. By (8.4.9)

AyeA*

/ß+y=<M+a2;/ß<y

= 0 unless ß = p, y = v ot ß = v, y = p; see (2.2.5).   The latter two cases require

p+ v = ß +y = aj + a2 so that |p + v\2 = |at + a2|2 = (^ + a , 25) (see (8.4,8)) =

(p + f, 25) which contradicts Proposition 8.3.7 since p + v is a root.  Hence

xa1,a2(e/i A ev> = ° imPlies *o(i> A 6v) = °-

Corollary 8.4.13 Suppose that x given by (8.4.10) z's a cocycle and suppose

aQ + ßQ is a root.   Then for p, v e A* such that p + v = aQ + ßQ we have

-%v Hv + *yM»„ = (%+/V tv e^)(" ^(ea0 + /fl0)).

Proof,  [e , e   1 = (ë,      „ , [e , e   l)e„   . r •   Hence Lemma 8,4.12 and
H-     " 0      0       P' 0   ^0

(8.4.11) imply Corollary 8.4.13.

-a -ß
8.5 Proposition 8.5.1 Suppose aQ, ßQ,aQ+ßQe A*. Then (A!ñ®tt)0  °    ° =

Í0¡ unless aQ, ßQ e 77 (see  Proposition 8.5.6).

Proof. First we assume that g is nonsimply laced.   Let y -a. + ßQe A + .

Suppose that x given by (8.4.10) is harmonic and assume that a. or ß    is non-

simple.   By Scholium 7.4.20 y = yQ + ßy + ß2 where yQ e 77, ß , ß2> yQ + ß ,

ßy+ß2e A* but y0 + ß2 is not a root.   By Lemma 7.4.5

(8.5.1) cy0ß = ~cßyo

where ß = ^ + ß2 e A + .   By Lemma 8.2.9
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[-(28, ß) + (ß, ß) + (y0, ß)(cyoß)]Cyoß= (y0, ß)cßyQ

(8'5'2) --{y0ß)cy0ß ms-sj).

If Cy   ß£0 then (28, y) = (28, yQ) + (28, jS) = (y„, y „) + 03, ß) + 2(y0, ß) = (y, y)

so y e 77 by Corollary 8.3.8.   This is a contradiction; hence c     ß= 0.   By (8.5.1)

and Corollary 8.4.13 / (c   ) = 0.  Applying Corollary 8.4.13 again we get c    v =

c     p tot p,v£ A+ such that a + v - aQ + ßQ - y.  y = root implies p ¿ v and hence

c     - c     =0 implies x = 0.   This proves the proposition for the nonsimply laced

case.   Now assume g is simply laced; i.e. all roots of g have the same length.

Then for p, v £ A+ such that p + v = y

(8.5.3) (^ v) = (y> y)/2

by (7.4.26).   Let // = -/" (e   ) e £>.  Then by Corollary 8.4.13

(8.5.4) y(//)(e-r, tV e J) = -C/Jy, p) + c^(y, p) = (c^- Cfiv)(y, y)/2

by (8.5.3) and the fact that g is simply laced; cf. (7.4.27).   Moreover by (3-3.9)

and (7.4.23 )

Z cßv^ß' ë„] = 0;
ß, veA+; ß+v=y

cf. (7.4.24).  Thus we have all the ingredients necessary to imitate the proof of

Proposition 7.4.25.   Indeed by arguments entirely similar to those given there we

see that y(H) = 0 and hence

(8.5.5) cvß=cßv

by (8.5.4) for all p, v £ A+ such that p + v = y.  Next note that c     = 0 for p £ rr,

v 4 tt.   Indeed by Lemma 8.2.9 and (8.5.5)

[-(28, v) + (v, v) + (p, v)]C/jLV = dp, v)cVß = (p, v)cßV

so that (28, v)- (v, v) if c     £ 0; cf. Corollary 8.3.8.  Therefore by essentially

the argument which follows (7.4.28) we have x = 0 unless both aQ, ßQ £ rr.

Proposition 8.5.6  Suppose  aQ, ßQ £ tt and aQ +  ßQ £ A + .   Then

(A1ñ®ñ)~a°~ ° = C(Ja  ® ë    + ë    ® ë    ).
u ao      Pq      po       a0

Proof. Let x = ae~    ® ë0   + bë'     ® ë     be an arbitrary vector in
_<x  _/3 a°        ß° ß° a°

(A*ñ ® ñ)    °     °.  If x is harmonic, then (aQ, ßQ)a = (aQ, ßQ)b by Lemma 8.2.9.

Since a , ß   e tt and a   + ß    is a root, (a , ßA/= 0.  Hence a = b  implies

(A^n^o-^ccië^ë^+ë^eë^).

By Corollary 8.2.7 we have equality.    Q.E.D.
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Having now described all harmonic weight vectors for weights -a- ß, where

a, ß, a + ß e A+ we turn to consider the weights -a- ß, a, ß £ A + , such that

a + ß is not a root.  Such weights fall into two classes according to equality or

inequality of the numbers \a + ß|  , (a+ ß,28).

8.6 Proposition 8 6.1 Suppose aQ, ßQ e A+ such that aQ + ßQ is not a root

and such that  \aQ +ßQ\2/= (aQ + ßQ, 28).   Then

(A1n®n)-a°-ßo = {0]

unless aQ + ßQ z's of the form aQ + ßQ = 2yQ, yQ e A + .   On the other hand

(A'ttStt)-270

10! i'/yo^77'

for any yQe A* (cf. Proposition 7.2.7).

Proof. By the argument given in the proof of Lemma 8.4.12 xQ(e    Aey)= 0

fot p, v e A+ such that p + v - aQ + ßQ where x is a cocycle in (Axn ® n)     °     °

given by (8.4.10).  Also [e , ev\ = 0 since p + v is not a root.  Therefore by

(8.4.11)

~c/lvHv+cVfiHll^0

or c      v= cv p.   If aQ + ßQ is not of the form 2y, y £ A + , then p-hv implies

- c     = 0 irr
VfJ.

just shown that

c    = cv   = 0 implies x - 0.   If aQ + ßQ = 2y. for some y. e A + , then we have

(AMxSñ)   2r°CCëyo®ëro.

If y. e tt, then we have equality by Corollary 8.2.4.   Conversely if x = ë     ®
u ' o

e       is harmonic then x is a cocycle in particular so y. e 77 by the argument in
"0 u

the proof of Proposition 7.2.3.    Q.E.D.

Note that indeed  |2y0|   /= (2y0, 25) for yQ e n.

8.7 The contribution to cohomology of weights of the form -a - ß, a, ß e A + ,

where  |a + ß|   = (a+ ß, 25) must be considered, finally, to complete our analy-

sis.   First we shall characterize such weights:

Lemma 8.7.1   Let y., y1 be distinct simple roots and let S       be the simple
1      í y2

Weyl reflection defined by y ,   Then y2,S     y. are positive roots such that

(8.7.2) |y2 + Sy 2y.\2 = (y2 + Sy 2yv 25).

Conversely if a, ß are positive roots that satisfy (8.7.2) then there exist distinct
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simple roots y,,y^ such that the sets (a, ß\,\y , S y A coincide. Moreover

if yx,y2,px, p2 are simple roots such that y2 + Sy yx= P2 + sß lJ-XjYl^y2>

px¿t¿2  then the sets \y2,S     y^'lfy s„  ^l' coincide.

Proof.  If y1,y2£77then(y2+Sr y x, 28) = |y2 + Sy yA\2 by (4.2.11), Prop-

osition 4.2.13, and the fact that S       is orthogonal.  Conversely let a, ß £ A +
2

such that \a+ ß\2 = (a + ß, 28).  Then

(8.7.3) |S|2 = |S-a-/3|2.

We shall outline an argument which, up to a point, is quite similar to

Carder's argument given in the proof of Lemma 5.2.4.   Put 0 = la, ß\ C A + , f =

- a - ß.   Then f = - ($) so that

(8.7.4) 8 + ,f = -M(-/'l»)

by (5.2.7) and for every S in the Weyl group W

(8.7.5) S(8 + a = S - <<DS>

where 0f = Sé* n A + ; cf. (5.2.13).   If <3>c) = 2 tjv where the ny are non-

negative integers, then choosing S £ W such that (S(8 + f ), y) > 0 for every y in

A+we have each n    = 0 by (8.7.3) and (8.7.5).   Hence $s = 0 or

(8.7.6) 5_IA~n A+ = 0 = {a,/3Î.

Thus S has length two:

(8.7.7) S = Sy Sy  ,      yx,y2zn;

see [4].   (8.7.6) implies S £ 1; i.e. yj ¡¿ y2-  Since 5y yj = 5y 5^ (- yj), we

have S    y. eS^ATiA*. Similarly y, = Sv 5V (- S_, yJeS-'A" nA +
r2 '2   'l r\

so that

(8.7.8) \Sy y1,y2i = !a,/3¡

by (8.7.6). Suppose yx, y2, px, P2 e n with y2 + 5y yj - p2 + Sß px, yx¿y2,

px/= p2.   Then

=-«2-Vi=^2V-5

or

*r *r S = Í    5    8.r2   M ~2   ri

Since 8 is regular 5    S      =S    S      (the Weyl group acts simply transitively on
72  Tj       M2 /ij
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the systems of simple roots).   By (8.7 6) and (8.7.7) we have

iv,»S    yA = S    S    A~ n A*1'2    yJv     y-, y.r2'i      r2 y y

It follows that the weights in (8.3.5) have multiplicity one.   This is known

of course by Kostant's work.  We also have the following

Corollary 8.7.9 // y,, y, £ 77 are distinct then y   + S    y    is not a root; see
l ¿ ¿ y y I

Proposition 8.3.7.

Proposition 8.7.10 // a, ß are simple roots such that |a + ß|2 = (a + ß, 25)

then (A1tt®tt)"a-'a=Cëa®ë0+Cë/3®ëa.

Proof. Since a, ß e n, \a + ß\2 = (a + ß, 25) if and only if (a, ß) = 0.

Therefore Proposition 8.7.10 follows from (8.2.8) and Corollary 8.2.7.

Proposition 8.7.11  Let y,iy7 be distinct simple roots.  Assume S    y    is

not a simple root*   Then

(8.7.12) xrv?2 = e"r2 • % rx " \ yt ® ^y2

£s a harmonic vector and in fact

-y2-sy y\
(A!tt®tt) 2      =Cx .

U yV72

Proof. Let

xe(A1ñ®ñ) T2   1

be arbitrary.   By (8.2.8) and Lemma 8.7.1

x = aë     ®ës +bës ®ë
r2 y2ri r27i       y2

a, b e C  Now assume x is harmonie.  Then by Lemma 8.2.9

[- (25, Syyx)+ (Syyy, Syyy)+(y2, Syyy)]a = (y2, Sy Yl)b

or since S       is orthogonal~2

(y2,yy)a=-(y2,yy)b.

Now Sy yy=yy~ (2(y2> yj)/(y2» y2))y2; so because Sy y% is nonsimple we

must have (y^ty,)/ 0-   Therefore a =- b implies x equals x ; see (8.7.12).
¿       1 '12

The proof is then reduced to showing that x is harmonic.   By Lemma 8.2.1
rl,y2
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and Corollary 8.2.2 we have

Exyvy2 — M- (25,syyy) + (sy2yy,syyy)]ëy2 ® ws

+ (y2'5y/l>% yi®^r2 + M[l-(25,y2)+(y2,y2)]ë^   ^ ® ë^

-(y2'sy/i)rr2®%2r1

.2-        .     ë » ® [ës , [e„, ë    ]].
/3eA+;/3-y2eA+        ^ 5y2^l      P      ?2

Now if ße A+such that ß-y2 e A + and ß-Sy yx~y2 e A", then ß + ßy =

y   + S    y. foi some ß, e A + and ß ¡= y..   By Lemma 8.7.1 we must have ß =

S    y y and ßj = y 2«  Therefore

y3eA+;/3-y2eA+     P sy2^i      P     ?2

^-Sy/l-?2eA+

= ës     y   ® te , tes , ë    ]]
V1 r2ri       r/l    72

= ës ® (y2,5'    y,)ë     =-(y ,y)ës ®ë7/1 *     rl  *     ~2 i     z     iy2ri        y2

by the Jacobi identity since y2 + S    y    is not a root.   Therefore since S      is

orthogonal

£^1.r2=-^1+2(>'I'>'2^-y2®%2y1

-(y,,y2)ë^ri®ër2 + Më^ 7i®«y2
2

+ (y!,y2)e     ®e      r  +(yPy2)es        ®*
* /,   i y,   i

= -Mx
2   * '2 2

yrr2-

On the other hand

-r(-y2-sy y1) = -M[i + (25,y2+5r y,)-|ya + Jy yi|2] = -H
2   *

by (7.4.12) and Lemma 8.7.1.  Therefore

'2  l     rV'2Exyy,y2--lÁxyvy2 = -c{-V2-sy2yi)xyvy7

implies x     _,    is harmonic; see (8.2.5).  We can now present
"l,72
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Theorem 8.7.13 Suppose g is simple with rank I.   Let § be a Cartan sub-

algebra of g such that 6) = 1) (see (2.2.2)) and let n = 2 g   èe :/>e nilpotent
oeA+

subalgebra of g generated by the positive root spaces.   Let n   Z»e //>e complex

dual space of n.  n   ¿s «« n module under the co-adjoint action.   The first derived

cohomology space H (n, n ) has dimension I   +1-1  (over C) and as an § module

H1(n,n')=   Z Cë,®ë+ ,Z CiëSë.+ ëoSë^)
* af tt       a        a ordered pairs a       P       P        a

(a,ß)eTTXTr,a+ßeA+

+ Z   . (Cën®ën+CëR®ë)
ordered pairs a       ß ß        a>

(a,/3)e77X77;(a,/9)=0

+ Z Cx
distinct(unordered)pairs        atß

(a,ß) €TTXTr,(a,ß)*0

where tt is a system of simple roots and

(i) x    a = ë   ® ë        - ë      ®ë„for a, ß in rr, where S „ is the simple  Weyl
a,ß       ß ß ßa        P P

reflection determined by ß (see (4.2.11));

(ii) \ea\ , \ëA are orthonormal bases of n, ñ = 2 9   a (as ln
P ßeA*       P ßeA* ßeA+   ~p

Theorem 7.5.3); see (2.2.1).

Proof. By (8.1.4), Hl(n, n')= 1^ (A!ñ ®ñ)^  (direct sum) where £ varies

over the distinct weights - a- ß, a, ß £ A + .  Among the weights -a- ß such

that a + ß is a root, only those for which both a, ß £ tt contribute to cohomology

and this contribution is the summand C(è"a® ë  + ë„ ®ëa); see Proposition 8.5.1

and Proposition 8.5.6.   The number of such summands is  /- 1 by Proposition

7.5.4.

Now consider weights -a- ß, a, ß £ A + , such that a + ß is not a root.

Among these which satisfy  |a + ß\2 / (a + ß, 28) only those of the form - 2y,

y 6 77, contribute to cohomology.   The contribution is the / summands Ce   ® e~ ,

y £ tt; see Proposition 8.6.1.  Finally consider weights -a- ß, a, ß £ A+ for

which |a + ß\2 = (a + ß, 28).   By Proposition 8.7.10 for each ordered pair of dis-

tinct simple roots ¡a, ß\ tot which (a, ß) = 0 (i.e. for which a + ß is not a root),

there is the contribution Cê"a®ë_+ Cë„ ® ë  to cohomology.   The number of

such pairs is  (/ - 1)(/ - 2)/2, as is easily seen by an examination of the Cartan

matrices.  The contribution of such pairs to the dimension of H (n, n ) is there-

fore (/ - 1)(/ - 2).   On the other hand if a, ß are distinct simple roots, then

(a, ß)/= 0 if and only if Sß& is not simple.   Therefore by Lemma 8.7.1 and Prop-

osition 8.7.11 the remaining contributions to cohomology are the summands

Cxa a (see 8.7.12) where a, ß are distinct simple roots such that (a, ß)/ 0.  The

number of such (unordered) pairs is the number of nonzero off-diagonal elements
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in the Cartan matrix of g.   Thus this number is /   - number of diagonal elements —

twice the number of zeroes above the diagonal.  But we have just seen that the number of

zeroes above the diagonal is (/ - 1)(Z - 2)/2; this is the number of ordered pairs

of distinct simple roots \p, v\ for which (p, v)= 0.  Therefore there are /   — I —

(I - l)(l - 2) = 2(1 - 1) summands Cxa ß.  We now see moreover that

dim Hl(n, n')= /- 1 +/+(/.- l)(t-2)+ 2(1-1)= I2 + 1-1.

Note that H (n, n') and H (n, g/n) have the same dimension.

Remarks on H (v., n). The nature of the cohomology groups  H (n, n) could

now be determined with a modest amount of additional labor.   One can see for

example that

(8.7.14) 0 -*Hl(n, g/n) ->//2(n, n) — //2(n, g) -» 0

is exact when I > 2, I = rank of g.

Now dim //2(n, g) = (/ - 1)(Z + 2)/2 by Theorem 5.14 of [6].  Hence

dim//2(n,n) = dim //'(n, g/n) + dim H2(n, g) = Y2ßl2 + 3/-4)

for / > 2; see Theorem 7.5.3.   The author has learned of the interesting work of

Leger and Luks [8] which contains, among other results, a complete account of

H (n, n).   In regard to the sequence in (8.7.14) they have observed the following

deeper result:

Theorem (Leger and Luks).  // the rank of g is greater than j then

0 — H'-l(n, g/n) -> f/'(n, n) — H'(n, g) ^ 0

is an exact sequence.

REFERENCES

1. P. Cartier, Remarks on "Lie algebra cohomology and the generalized Borel-Weil

theorem" by B. Kostant, Ann. of Math. (2) 74 (1961), 388-390.    MR 26 #267.

2. P. Griffiths and W. Schmid, Locally homogeneous complex manifolds, Acta Math.

123 (1969), 253-302.    MR 41 #4587.

3. G. Hochschild and J.-P. Serre,  Cohomology of Lie algebras, Ann. of Math. (2) 57

(1953), 591-603.    MR 14, 943.

4. N. Iwahori, On the structure of a Hecke "-¿ng of a Chevalley group over a finite

field, J. Fac. Sei. Univ. Tokyo Sect. I 10 (1964), 215-236.    MR 29 #2307.

5. N. Jacobson, Lie algebras, Interscience Tracts in Pure and Appl. Math., no. 10,

Interscience, New York, 1962.    MR 26 #1345.

6. B. Kostant, Lie algebra cohomology and the generalized Borel-Weil theorem, Ann.

of Math. (2) 74 (1961), 329-387.    MR 26 #265.

7. J.-L. Koszul, Homologie et cohomologie des algebres de Lie, Bull. Soc. Math.

France 78 (1950), 65-127.    MR 12, 120.

8. G. Leger and E. Luks, Cohomology of nilradicals of Borel subalgebras, Trans.

Amer. Math. Soc. 195 (1974), 305-316.

DEPARTMENT OF MATHEMATICS. MASSACHUSETTS INSTITUTE OF TECHNOLOGY,

CAMBRIDGE, MASSACHUSETTS 02139


